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ABSTRACT

THE VECTOR FIELD METHOD AND ITS APPLICATIONS TO NONLINEAR
EVOLUTION EQUATIONS

By
Leonardo Enrique Abbrescia

The vector field method was introduced in the 1980s by Sergiu Klainerman to analyze the
decay properties of the linear wave equation. Since its historical debut, the vector field
method has been at the forefront of several breakthrough results including the global sta-
bility of Minkowski space, the dynamical formation of black holes, and shock formation
in 3D compressible fluids.

This work showcases how the vector field method can be used in a systematic way
to derive a priori estimates for nonlinear evolution equations. For nonlinear dispersive
equations, these estimates can be married to the decay properties enjoyed by the solu-
tions to derive quantitative asymptotics. This is done in this work through the lens of
three concrete problems: a nonlocal kinetic model, the wave maps equation, and the rel-
ativistic membrane equation. For the kinetic model, the vector field method is paired
with dispersive decay properties of the spatial density to prove global wellposedness of
small data. This can be interpreted physically as “stability” of the trivial solution. For
the wave maps equation, a stability result is proven for a “non-trivial” ODE geodesic so-
lution. For the relativistic membrane equation, the vector field method is used to prove
stability of large simple-traveling-waves. For the wave map and membrane equations,
we intimately use several structural properties known as null conditions that preclude

singular behavior.
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CHAPTER 1

INTRODUCTION

1.1 Prologue

Decay properties of solutions to nonlinear dispersive equations play a central role in
their long-time behavior in the small data regime. This regime is important as it can be
interpreted as a kind of “stability” of the trivial solution. One expects to be able to solve a
nonlinear equation for a small amount of time so long as the nonlinearities are sufficiently
“weak”, which is typically a consequence of the small size of the initial data, and hence
the dynamics are essentially linear. A global-in-time solution can then be constructed so
long as the nonlinearities can be shown to decay sufficiently fast.

Classically, pointwise L'-L® decay for solutions to linear dispersive equations (such
as Schrodinger, Airy, wave) is established by either estimating directly explicit repre-
sentation formulas for their fundamental solutions, or by oscillatory integral techniques
applied to the Fourier representations. These methods are either infeasible or impractical
when the equations are perturbed in a way that changes the principal part (i.e. the part
with the highest derivatives).

In 1985, Sergiu Klainerman developed a technique [Kla85b], now referred to as the
vector field method (VFM), to systematically analyze the decay properties of the lin-
ear wave equation. The appeal of Klainerman’s technique is that it is both a robust
method that is well suited to handle small perturbations of the principal part of lin-
ear waves, and that the general mechanism is applicable to settings of other dispersive
equations [Smul6, FJS17, Won18a]. The general strategy of the vector field method for

linear equations can be summarized as follows:

I: Analyze the inherent symmetries of the equation by looking for commuting vector

fields X that are weighted in time. That is, if ¢ solves the equation so does X¢.



II: Analyze the inherent symmetries of the equation through its conservation laws.

III: Develop space-time weighted Sobolev inequalities that combine the previous two
points to get lower derivative pointwise estimates from higher derivative integral
norms. The temporal decay will be a consequence of these L™ estimates and from

the temporal weight of X.

Even though exact conservation laws are typically not present for nonlinear equa-
tions, one can derive “approximate conservation laws” via energy estimates. In the spirit
of Duhamel’s formula, these estimates control an appropriately defined “size” of the solu-
tion at a later time by the initial size and an integral measuring interactions between the
linear flow and the nonlinearities. In order to counteract the positive feedback of these
nonlinearities, which would make these integrals diverge, we rely on both the linear de-
cay extracted from the vector field method and smallness of the initial data to prevent the
nonlinearities from growing too large.

This dissertation showcases the balancing act between growth and decay in the con-
crete settings of some wave equations which arise in Lagrangian field theories: the wave
maps equation on Minkowski space and the relativistic membrane equation (see [SS98,
Kri07, Hop13] for an overview of the physical and mathematical history). This will be
done by using the vector field method as the technical skeleton to study decay, regularity,

stability properties of solutions to these equations.

1.1.1 Brief outline of the present work

This introductory chapter is split into two halves. In Section 1.2, we provide a hands-on
exposition of the VFM by using it to analyzing a toy model of nonlinear kinetic theory.
The reader should keep in mind that the analytical themes in Section 1.2 will be the
technical skeleton for the rest of the dissertation, see Subsection 1.2.6 for more details.

In Section 1.3, we introduce the main results of this dissertation and explain how they



pertain to a novel research program inspired by recent work. We highlight the important
role the decay estimates, which are derived using the vector field method, have in the
analysis.

Chapter 2 serves to establish necessary results for the linear wave equation. In Sec-
tion 2.1 we begin by setting up the geometric formalism of a hyperboloidal foliation of
Minkowski space. The presentation is adapted from the foundational work of Lefloch and
Ma [LM14] and the recent work of [Won17b]. This hyperboloidal viewpoint is taken to
exploit the fact that the symmetries of Minkowski space are Lorentzian and so “space” and
“time” are on equal footing, as opposed to Galilean symmetries of Newtonian mechan-
ics. The main results of this section are space-time weighted versions of the Gagliardo-
Nirenberg-Sobolev (GNS) interpolation inequalities adapted to this hyperboloidal foli-
ation, and are based on original joint work with Wong [AW19b]. These interpolation
inequalities allow one to save derivatives in Lebesgue product estimates compared to the
Morrey L?>~L* Sobolev embeddings. In Section 2.2 we marry the vector field method and
these weighted Sobolev estimates to derive a priori estimates for solutions to the linear
wave and Klein—-Gordon equations.

In Chapter 3, we show that a totally geodesic map from Minkowski space into a space-
form, under a sign condition, is globally nonlinearly stable as a solution to the wave maps
equation under sufficiently small compactly supported perturbations. This is based on
original joint work with Chen [AC19]. We begin by constructing the perturbation as a
section of the normal bundle of the totally geodesic background. Using the spaceform as-
sumption on the target, we prove that the equations of motion for the perturbation reduce
to a semilinear system of wave-Klein—-Gordon equations. Global existence and uniform
decay estimates are proved for this perturbation using the vector field method and the
GNS interpolation estimates of Chapter 2.

The main result of Chapter 4 is to show that planar traveling wave solutions to the

membrane equation are globally nonlinearly stable under sufficiently small compactly



supported perturbations. This is based on original joint work with Wong [AW19a]. We
begin by writing the perturbation equations in a convenient gauge which reveals that the
perturbed system can be described by a quasilinear perturbation of the linear wave equa-
tion on Minkowski space, with the background solution only appearing as coefficients
of the nonlinearity. In view of this special geometric feature, we do not need to develop
special methods to perform the linear analysis and can in large rely on the vector field
method approach introduced for the linear wave equation in Chapter 2. The focus is
almost entirely on the nonlinearity, with the main difficulty arising precisely from the

non-decaying background contribution.

1.2 Prelude to the vector field method

In this section, we illustrate the vector field method through the lens of a concrete ex-
ample. The notions of local and global wellposedness are also introduced and made rigor-
ous. Moreover, the analysis of this concrete example also serves to introduce the bootstrap
principle, a fundamental technical tool used in our analysis of the nonlinear kinetic model
of this section, wave map equations of Chapter 3 and the membrane equation of Chapter
4. Essentially, it allows one to assume “for free” that the solution in question already
obeys some quantitative bound which allows one to to prove, with the estimates afforded
by the vector field method, another stronger bound (to avoid circularity). See Appendix
A.1 for an abstract formulation of the bootstrap principle and the proof of Theorem 1.2.3
for a concrete application of the bootstrap principle. The reader should keep in mind that
the analysis of Chapters 2 — 4 will encompass the techniques and methods mentioned in

this prelude as a template.

1.2.1 The model

The Vlasov equation describes how a distribution of particles evolves in time. Newton’s

laws of motion assert that its evolution is determined by its initial position and velocity.



Consequently, we define the classical phase space IR x R? as the space of all possible

configurations. A distribution of particles is then a function
p:IRtx]ngleg — R,

which measures the density of the particles at a particular position x, velocity v, and time
t. The Vlasov equation then manifests itself as Newton’s first law of motion under the

simplification that particles don’t interact:
dip(t,x,v)+v - dyp(t,x,v) =0.

In this chapter we prove the existence of unique global-in-time solutions for the initial
value problem

/

dip+v-0xp = | a0t x,v—v)p(t,x,v+v")dv
P 0= [pd P p 1)

p(0,x,v) = po(x,v)
in the small data regime whenever d > 2 and small data exponential time existence for
d = 1. The nonlinearity is not chosen to be physically meaningful; rather it was cho-
sen for ease of exposition to aid in illustrating the vector field method through the lens
of a concrete example. Despite this, the nonlocal term is sensible in that it averages
particle interactions with different speeds (at the same point in space-time) over all pos-
sible velocities. In this way this model can be thought of as a poor man’s Boltzmann.
Moreover, the method of characteristics shows that a naive quadratic nonlinearity such
as d;p +v - dyp = p? would blow up in finite time for any p € C&(R??). Finally, similar
nonlinearities are recovered after taking an appropriate transform of some well known

equations. For example, it is known that the nonlinear Schrédinger equation
idiu—Ayu =|ulu (1.2.2)
has small data global-in-time existence whend >3 and o € (1, d;fz) The Fourier analogue

of (1.2.2) is precisely

10,0+ |&)2 = 0|0 * 70,

d

(2m)2



This shows that the nonlinearity in (1.2.1) is of a similar type as the one found in the

Fourier ODE analogue of the nonlinear Schrédinger equation.

1.2.2 Notational conventions

Several notational conventions used in this subsection are now established. For the classi-
) . def

cal phase space we introduce the shorthand notation IR,ZC"{, = RYxR%. The Vlasov operator

will be denoted as

XE0,+v-0,. (1.2.3)

It is convenient to define the bilinear form

def
F(p1,p2) = Flp1,p2)(t, x,v) = f p1(t,x,v—v")pa(t,x,v +v") dv’, (1.2.4)
RrY,
for functions p1,ps : Ry x IR,%% — R,. With this at hand, our nonlocal Cauchy problem

(1.2.1) can be written as
Xp =F(p,p)

Pli=0 = po-

Letpe CSO(IR%,) and define the norms

loll 1,1 % j o, )] dxdv
RZ4,

def o
ol & Y (] 19500000 dxc

v
la|<k
R24,
The phase-space Lebesgue and Sobolev spaces LLL, W,If’lL}, will be the completion of
C?"(IR%,) under the respective norms. The space LL) will be the space of Lebesgue
measurable functions on IR%, such that
def
”p”L,‘?L}, = esssupllp(x,-)”Ll(mg) = esssup j lo(x,v)| dv < 0.

xe]R?C xele d
Ry



Finally, we also introduce the shorthand

k def [ vi7kr1
Y50 -llyk) = WxLV’”'”wff'lL}/
k
and the ball centered at zero of radius R as BY (R) := lp € Yk | ”P”yk < R}. Note that

Y0 = L}CL},. In the sequel, when there is no ambiguity on k, we simply denote ||-||Yk =1Illy.

Remark 1.2.1. In this notation, for functions p : Ry x IR,%% — R, the Sobolev inequality

(A.1.2) reads
t,— < t,— 1.2.5
||P( )||l°°ll Sk,d ”P( )”yk ( )

for any k > d.

1.2.3 Methodology

An initial value problem is said to be wellposed in the sense of Hadamard if there exists
a unique solution with continuous dependence on the initial data. Wellposedness results
are twofold; local wellposedness (LWP) and global wellposedness (GWP). Typical results
for the former are that for arbitrary initial data, there exists a positive time of existence.
Results for the latter are those in which the time of existence is infinite.

The main approach to prove LWP results for nonlinear evolution equations is to con-
struct approximating solutions that, in a limit, converge to a true solution. One such
method is Picard iteration which generalizes the proof of the Picard-Lindel6f theorem.
Broadly speaking, one linearizes the problem by solving iteratively the corresponding lin-
ear equation where the nonlinearity uses the previous iterate. For semilinear equations
this can be formulated as a contraction mapping argument because the equation is linear
on the highest derivative terms and their coefficients do not depend on lower derivative
terms. For quasilinear equations this is not the case because the principal term can have
coefficients which depend on the solution itself, and as a consequence, convergence issues

are more delicate, see [H6r97,Sog08].



The mechanism for the GWP results of this dissertation is the so called breakdown cri-
terion. Roughly stated, a solution exists globally if and only if its “size” (as measured by
an appropriate norm) does not diverge to infinity in finite time. The intuition behind the
breakdown criterion is that a singularity can form if the solution becomes too large to iter-
ate the approximating solutions from the LWP result indefinitely. The fundamental tool
which provides control on the solution at later times are the (approximate)-conservation
laws!. They control the solution by an integral that measures the interactions between
the linear and nonlinear dynamics. In order to show that these interactions are integrable,
and hence the solution is global as per the breakdown criterion, we rely wholeheartedly
on the decay estimates which serve to dampen their feedback.

The local and global wellposedness results for the nonlocal Vlasov model (1.2.1) are:

Theorem 1.2.2 (Local wellposedness). For any R > 0 there exists a time T > 0 such that,
2d+2 . . .

for any pg € BY " (R) C Y2d+2, there exists a unique p € CO([O, T]; Y2d+2) solving (1.2.1).

In addition, solutions have a Lipschitz dependence on initial data, i.e. there exists a universal

2d+2 . . . .
constant C > 0 such that, for any pg, p6 e BY (R), their respective solutions satisfy

llo = p’llcogo,7),v2d+2) < Clipo = polly2d+2-

Y2d+2

Theorem 1.2.3 (Global existence). Let pg € and consider the initial value problem

Xp=F(p,p) 1)

P(0,x,v) = epo(x,v).

Let TE :=sup{T > 0| p € CO([o0, T); Y2442y CL([0, T); Y29+1) solving (1.1¢)). Then

(a) if d > 2 then there exists an €y > 0 depending on at most 2d + 1 derivatives of pg such that

T.f = oo for all € < €p;

In the wave equation setting, these are the energy estimates.



(b) if d =1 then there exist constants B,eg > 0 depending on at most 3 derivatives of pg such
that

B
T.f > sinh (—)
€

for all € < e.

1.2.4 Approximate-conservation laws

We begin by examining the inhomogeneous linear Vlasov equation

dip+v-dyp =F(t,x,v) 1.2.6)

p(0,x,v) = po(x,v).

Duhamel’s principle explicitly gives the solution as
t
p(t,x,v) =po(x—tv,v)+ JP(s,x +(s—t)v,v) ds.
0

From this one immediately sees that if pg € F(R?¥) and F € C=([0, T]; F(R?%)), then
p € C([0, T; #(R?)).
The vector field method described in the next subsection has its origins rooted in

commutation relations such as

[X,9%] =0, (1.2.7)

where X is as in (1.2.3) and « is any multi-index. This fact can be used to prove the

following estimate.

Lemma 1.2.4. Let pg € F(R?), FeC®([0,T]; £ (R?*?)) and suppose that p is a solution to
(1.2.6). Then

t
lo(t,—llys < llp(0,—)llys + j IE(t,—)llys d. (1.2.8)
0

for any s € N U {0}.



Proof. Let G : R — IR be any smooth function. Fix a multi-index a and use Stoke’s theo-

rem, the Schwarz assumption, and (1.2.7) to compute

ds J G(d5p(t,x,v)) dxdv = 9, f G(d5p(t,x,v)) dxdv + f v - dy(G(d5p(t, x,v))) dxdv
R24 R24 R24

= [ X(G(d5p(t,x,v))) dxdv

= G'(d5p(t,x,v)) X% p(t,x,v) dxdv

N
= | G'(d%p(t,x,v))d%Xp(t, x,v) dxdv.

J
]RZd

Integrate this equality from 0 to ¢ to find

t
J G(d5p(t,x,v)) dxdv = J G(d5p(0,x,v)) dxdv +J J G’ (9% p)d¢ Xp(t,x,v) dxdvdr.
R24 R24 0 R2d

Approximate x > |x| by the smooth function G : x — /e +|x|? as € \, 0 to find

r ror
f 0% p(t, x,v)| dxdv = ] |05 p(0,x,v)| dxdv + sgn(d5p)ds Xp(t,x,v) dxdvdr
R2d R2d 0 pad

t
r r o
< |0%p(0,x,v)| dxdv + 0% Xp(t,x,v)| dxdvdr.
R2d 0 24

Summing up this inequality over all multi-indices of length s yields the claim. [

Remark 1.2.5. If F =0in (1.2.6), then (1.2.8) is the usual conservation of mass result

llo(t,—)llys =llp(0,—)llys.

1.2.5 Wellposedness

In this final section we provide proofs for the wellposedness results of Theorems 1.2.2

and (1.2.3). The proof of LWP will be established via a Picard approximation argument.
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We then establish the breakdown criterion for our non-local Vlasov model and exploit it

by using the vector field method to prove global existence.

Proof of Theorem 1.2.2. Assume the initial data pg is compactly supported in phase-space;
the full statement of Theorem 1.2.2 can be recovered by a density argument because
C§°(IR2d) is dense in Y?24+2 (which will be denoted as ) in this proof). Let p(_l) =0 and
define {p(j)}]?';’o inductively as solutions to

Xpti) = F(pli-1), pli-1),
(1.2.9)

p(j)(O, x,v) = po(x,v).
We begin by showing that each p(j) e C*([o, T];CSO(Ide)) with an induction argument.
Note that compact support of pg implies the existence of constants Ry, R, > 0 such that
po(x,v) = 0 whenever |x| > Ry or |[v| > R,. The first iterate p(o)(t,x,v) solves the ho-
mogeneous Vlasov equation Xp(o) = 0 and so the explicit solution is given to be p(?) =

po(x —tv,v) by the method of characteristics. An immediate consequence is
p O (t,x,v) € C*([0, T}; C&(R?)),

and specifically, p(o)(t,x,v) = 0 whenever |v| > R,. Assume the induction hypothesis
p(j_l) € C°°([O,T];C§°(IR2d)) with p(j_l)(t,x,v) = 0 whenever |[v| > R,. The initial value
problem (1.2.9) is solved by Duhamel’s formula

t
p(j)(t, x,v) = po(x —vt,v) + JP(p(j‘l), p(j‘l))(s,x +(s—t)v,v)ds.
0

It is clear that p(j) is compactly supported in the spatial variables from the induction
hypothesis. However, it is not clear that this is the case for the momentum variables
because p(j) depends on the non-local term F which is an integral over all of IRz,. The
induction hypothesis states that p(j_l)(s,x +(s—t)v,v—v’) = 0 whenever |[v —v’| > R, and

p(j_l)(s,x +(s—t)v,v +v’) = 0 whenever |[v + v’| > R,. The Duhamel expression is then

11



equivalent to

t
p(j)(t,x,v):po(x—vt,v)+f f p(j_l)(s,x+(s—t)v,v—v')
0

{lv—v"|<RyIn{lv+v’|<Ry)

x p U™V (s,x+ (s — t)v,v +v’) dv'ds.

The intersection {|lv —v’| < Ry} N{lv + v/| < R,} is empty whenever |v| > R,, and this con-
cludes the proof of the induction.

. def :
Denote the initial mass by Ag = lloolly and the mass at time ¢ as

def i i
T S e (| P W C GRS
la|<2d+2 la|<2d+2
=l (.
We claim that there exists a time T > 0, depending only on Ay and d, such that
Aj(t) <2A0 Vjand Vt€[0,T]. (1.2.10)
The proof of (1.2.10) follows from induction. Firstly, for any of the iterates,

Aj(0) = A, (1.2.11)

Since p(o) solves the homogeneous Vlasov equation Xp(O) = 0 with initial condition py,

conservation of mass implies

Ao(1) = 1005, —)lly = 110"V (0,—)Ily = Ag(0) = Ag.

Now assume that there exists a constant T > 0 depending only on the size of the initial
data and d such that (1.2.10) holds for p(j_l). We will derive estimates for ||8,0C‘p(j)(t, —lyo

for |a| < 2d + 2 in order to control Aj(t) = ||p(j)(t,—)||y. Denote the volume form on IR,ZC%

12



as dV and compute with the almost conservation law (1.2.4)
t
a () a () (199 x0)
9% PV (£, —)llyo < M195 (0, —lyo + | lI9xXp (s,—)llyo ds
J
0

t
~

1050 —lyo+ [ | [[ o000y | dvas
0

t

s||aggp(j>(0,_)||yo+f ﬂ S F(ake 1ok ) do fas.

0 |o2a [YI+IBI<lal
Ry,v

(1.2.12)

For the sake of clarity, we examine the term in the sum above where all of the derivatives
act on p(j_l)(t, x,v—7v’) and consider, for a fixed v € le, the change of variables v+v’ = w.

By Fubini-Tonelli we can interchange the order of integration

JI P(|8;’C‘p(j_l)|,|p(j_1)|)(s,x,v) dv = ﬂ J ‘aj'c‘p(j_l)(s,x, 2v—w)‘ |p(j_1)(s,x,w) dwdV

R24, R24 RY,

= ﬂ J|8ﬁp(j_1)(s,x,2v—w)| dv |p(j_1)(s,x,w)| dxdw.
R24, \R¢

By Holder’s inequality this can be controlled by

SJ||P(j_ 521 rd) J|a UD(s,x,20 ) dv|  dx
d

Ly

<llpU=1(s, ||LooL1f fla U(s, %, 20— )| dv dx
Ry ] L(RY)
(j-1) (g
<NV s = oo 11105095, =l 11

= IV~ (5=l o 1195095, —llyo.

13



Note that we relabeled w and v in the first factor of the third inequality. The Sobolev
inequality (1.2.5) allows us to estimate the factor without any derivatives and so the in-

ductive hypothesis gives us
ﬂ (195U DL 10V~ 1) (5,2,0) dv < U5, —)ll oo 1 195275, =l 0
R4
<IpY (s, —)lly 2%~ (s,—)lly0

< 240195 oY~ (s, —llyo- (1.2.13)

Of course, this is only one term in the binomial expansion in (1.2.12) which comes from
d¢ acting on the product p(j_l)(s, x,v—v")pU=V(s,x,v +v’). In general, the terms will be a
product
azclp(j_l)(s, X,V — v')a,ép(j_l)(s, x,v+7v)
with |y|+|B| < |a|. We note that at most one factor in the sum will be differentiated more
than |a|/2 times. If it is the p(s,x,v —v’) term, then the same analysis that led to (1.2.13)
yields
ﬂ F (102 0110801 5,,v) dv < 19805, )l ;1197 U s, o
RZ,
< ||p<f—1><s,—>||y 197U~V (s, —lyo

< 240110% VM (s,—)lly0 (1.2.13)

If instead the B derivatives satisfy || > |a|/2, applying the change of variables v —v' = w

yields the same result

I (12205101800 101)55,0) dv < 120D 5.l g 3 105005 =y o
X,V

< ||p<f—1>(s,—>||y 198U~ (s,—)lly 0

< 240)19% pli=1)(s, —llyo. (1.2.13”)
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We combine these results and apply them to the right hand side of (1.2.12) to find

t
19gp1 (1, —llyo < 198070, —llyo + CAg | Y 119U (s, —llyo ds.
0 IBI<lal

Here C is a constant depending only on d that comes from the binomial expansion. Esti-
mate (1.2.11), the induction hypothesis, and summing up over over the multi-indices of

length less than or equal to 2d + 2 yields

t
A]'(t) < A]'(O) +CAp JAj_l(S) ds
0

t

< A() + CA() J ZAO ds
0

= Ag + CA}t.

Choose T = 1/(CAp) to find that A;(t) < 2A¢ for all ¢ € [0, T]. This concludes the induction
and so (1.2.10) holds for all j.

Let T = 1/CA( be the time constructed for estimate (1.2.10) for the initial data pg € Y
with norm [|pglly = Ag. We now show that equation (1.2.1) has a unique solution on [0, T”]

for some T’ < T to be determined later. Denote the balls
B(R) = {p € C°(0, ') lllpllogo, .0y <RI and  BY(R)={p eV |llplly <R)

for any R> 0. Define the map G, by

t
Gp, 1 P(t,x,v) > po(x —tv,v) + JP(p,p)(s,x +(s—t)v,v)ds. (1.2.14)
0

One explicitly checks that
X(Gpy(p)) = F(p;p)

Gpo (p)(O, X,v) = Po(X, V)
and so a solution to equation (1.2.1) would be given by a fixed point G, (p) = p. Estimate

(1.2.10) and a density argument show that Gy, is actually a map Gp, B(2A() — B(2Ay).

15



Banach’s Fixed Point Theorem will show existence of a unique p such that Gp,(p) = p
provided that G, is a contraction mapping. Let p,p’ € B(2A) be arbitrary functions.

Existence and uniqueness of (1.2.1) will then follow from

||Gp0(P) - Gpo(p,)”CO([olT/];y) <yllp- p,”CO([O,T’];y) (1.2.15)

for some 0 < ¥ < 1. We will prove (1.2.15) and Lipschitz dependence on initial data
simultaneously.

Pick two arbitrary p, p € BY(Ag). The function Gpop)— Gp(f)(p’) solves

X(Gpy(p) =Gy (0")) = Flp.p) = F(p.p")
(Gyr () = Gy (00, ,0) = po(x,v) = pp (x,v).

The conservation law (1.2.4) shows

t
1(Gpy(p) = Gp(’)(Pl))(t’_)”Y <llpo —polly + f I(Fi(p) = Fi(p")(s,—)lly ds. (1.2.16)
0

For a fixed multi-index & the LLL) (= Y?) norm of the difference d¢F(p,p) — d%F(p’,p’) is

equivalent to

J_T 9% (F(p, p) — F(p’,p"))(t)| dv
R34,

F (aZp, Q,ﬁcp - 85p’)(t) + F(&ng - 82:p’, pr’)(t) dv.
lyl+1BI<lal

2d
Ry v

With this we reduce our attention to the two integrals

I (1) % T Y. F(10keliokp- ool )0y av
]R“zd [y +IBI<lel
X,V

def

I(t) & Y F(l7p-alplldke) i av.
aq IyI+IpIlal
X, v

16



We note that when |y| > |a|/2, the Sobolev inequality bounds the L¥L) norm of the dif-

ference terms aﬁp - aﬁp' in I1(t) by their Y° norms and the agp’ terms in I(t) by their

Y norms, and vice-versa when || > |a|/2. Keeping the difference terms p — p’ in the in-

tegral norms and bounding the monomial terms of p,p’ by their J norms, and using

G : B(2Ay) — B(2A() shows

NO+LM<C Y 1@xp- ke )Ll 11240 + 240)
|Bl<lal
=4c4y ) @Ko -kp ) (L—lyo-
|Bl<lal

Here C is a constant depending only on d that comes from the binomial expansion. We
apply this estimate to (1.2.16) to find

t
~

(Gog ) = Gy (0Nt <llpo = plly + [ I(F(p.p) = F(p', )i, —ly ds
0
t
<lpo—pplly + | 4CAo Y II@%p-35p s, —llyo ds

0 IBl<lal,
|a|<2d+2
t
SHpo—p&WH:f4CAOWp—p3$r—myd& (1.2.17)
0

Note that if py = p| the first term in inequality (1.2.17) vanishes. Then

t

(Gpg(p) = Gy (Nt —lly < 4CAOJ||<p —p)(s,—lly ds
0

t
<4CAdlp - plcoo r | 15
0

<4CAollo—p'llcoo, 77t

Choose the time of existence to be controlled by T’ < ﬁ. Then the right hand side is

bounded by %Hp - p,”CO([O,T];y)' This does not depend on ¢ € [0,T’] so we can take the

17



supremum to find

, 1 ’
||Gp0(P) - Gpo(p )”CO([O,T’];Y) < §||P —pP ”CO([O,T];)})'

This concludes the proof of (1.2.15) and so the fixed point Gpo(p) = p is the unique solu-
tion of (1.2.1).
Now suppose that pg = p; with pg, p € BY(Ag). Let p, p’ be the two solutions of (1.2.1)

with these respective initial conditions. Applying Gronwall’s inequality to (1.2.17) shows

t

J4CA0 ds

0

e —p")(s, My < llp - pylly exp

=llp - pglly exp (4CApt)

ACA
<llo—pylly exp (ﬁ)
< Cllp - polly-

Taking the supremum over [0, T’] shows

llp - p,”CO([O,T’];y) < Cllpo - Pé”y.
This concludes the proof of Lipschitz dependence of initial data and the theorem. N

Y2d+2

Remark 1.2.6. We have shown that, given a pg € , there exists a T > 0 depending

Y2d+2)

on the size of pg such that (1.2.1) has unique solution p € cO(o, TJ; with pg as its

initial value. That is, p satisfies
dip+v-dxp = F(p,p).

The function p is actually in cO(o, TJ; Y2d+2) ncl(o, Ty Y2d+1) because
dip = —v-dxp+F(p,p)

and the right hand side is in C°([0, T]; Y24+1).

With local wellposedness established, we now introduce a key technical tool used for

proving global existence: the breakdown criterion.
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Theorem 1.2.7 (Breakdown criterion). Define
T, :=sup{T >0 | Ap € C°([0, T]; Y>¥*?) solving (1.2.1)}. (1.2.18)
Then either T, = co or

D 1900t %l 1 ) € L0, T) x RE). (1.2.19)
lo|<d+1

Proof. The proof follows by a contradiction argument. If T, = co then there is nothing to

prove so suppose that T, < co. Assume that (1.2.19) does not hold. Then we claim that

def
AgE sup ) 11 p(t—)ll g0yt <0 (1.2.20)
t€[0,T4) o <d+1 e
implies
def
A(t) = llp(t,—ly2d+2 = Z ||9ffp(t,—)||L316L11} <oo (1.2.21)
|a|<2d+2

for all ¢t € [0, T,). Fix a multi-index a with length |a| < 2d + 2. The conservation of mass

estimate (1.2.8) gives

t
198 p(t,—lyo < 1800 —ly0 + | 198 Xp(s.—lyo ds. (1.2.22)
0
The term in the integral is explicitly

[ losroonsxmavs [ 3 pi@eliotel) av

[y I+IBl<|al
R24, R24,

Then either |y| > |a|/2 or || > |@|/2 in each term of the sum. In the former case, the change

of variables v + v = w and the same analysis as in (1.2.13’) shows
I [ et =vmokets s vt avay <ialets— g,y 10fet —l ey .
X=v X v
R W,

In the latter case the change of variables v —v’ = w yields

I | et s -vmotets s vt avav <iafots,—iy 102 pts— oy .

R4 RY,

19



In both instances, the factor in the L®® norm will be differentiated at most d + 1 times
because || < 2d + 2. The assumption (1.2.20) allows us to bound these factors by Ag.

Applying this estimate to (1.2.22), summing over all multi-indices, and using Gronwall’s

inequality yields
t
Y loget—llyo< ) 1193p(0,—)lyo +Aof > llokp(s,—llyo ds
la|<2d+2 l|<2d+2 o IBI=lal
t
A(t)<A(0)+Ag | A(s)ds
0
t
-
A(t) <A(0)exp| | Ao ds
J
0

The last inequality follows from the assumption T, < co and the initial data assumption
po € Y24+2 This concludes the proof of the claim (1.2.21). Now let {¢,} be an increasing
sequence such that ¢, /' T, as n — co. The claim shows that p(t,,—) can be taken as an
initial condition for the Cauchy problem and so Theorem 1.2.2 shows that there exists a
small T > 0 such that a solution exists on [t t,,+ T]. The uniqueness of the solution shows

that p can be extended past T, contradicting the definition of supremum. O

1.2.6 Vector field method in action

It remains to show global existence for equation (1.2.1). In order to exploit the breakdown

criterion, we need to show

sup ) [198p(t,— )l e0p1 <o, (1.2.23)
t€[0,Tx) |q|<d+1 X
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where p : [0, T;) x IR,ZW — R, is a solution to (1.2.1) and T, is as in (1.2.18). The Sobolev

inequality states

D 19%e(t =l eop1 < Callo(t, =y 221

lor|<d+1

for all t € [0, T;). This shows that getting a bound

lo(t,—)lly2d4+1 <C (1.2.24)

which is uniform in time will prove (1.2.23) and, as a consequence of the breakdown
criterion of Theorem 1.2.7, show that T, = co.

This approach of constructing a global solution is akin to the proof of local wellposed-
ness in Theorem 1.2.2. Estimate (1.2.24) which is uniform in time is analogous to the
uniform estimate (1.2.10); the proof of which was an induction argument. In the global
existence scenario the induction argument manifests itself as a bootstrapping argument
where we will show that the desired bound holds on a non-empty open and closed subset
of [0, T;) (and hence on all of [0, T;) itself). Appendix A.1 shows that, in fact, the bootstrap
mechanism can be thought of as a continuous induction argument.

A fundamental tool in closing the induction for estimate (1.2.10) was the the commu-
tation relation [X,d¥] = X9¢ — d¢ X = 0. This identity immediately revealed the Vlasov-
type equation solved by the derivatives d¢p, to which the approximate-conservation of
mass result (1.2.4) can apply. Indeed, differentiating the equation that the Picard iterates
solved produced an equation for their derivatives:

X9%pl) = 93X pli) = 92 (pli=1), pli=1)y = Z F(agpu—n, Pl pu—l)),
[y I+1Bl=lal
Careful analysis of the right hand side involving the conservation estimate (1.2.8), the
Sobolev inequality (A.1.2), and the induction hypothesis led to (1.2.10).

The vector field method is based on finding a collection of temporally weighted vector

fields {W} that preserve the linear part of (1.2.1); they too satisfy the commutation rela-

tion [X, W% = XW* - WX = 0. In direct analogy with the LWP scenario, this produces an
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equation for the W-derivatives of p:

XWe =WXp=W*F(p,p)= )  F(W"p,WPp).
[y I+1Bl=lal

This corresponds to Point I of the general strategy for the vector field method introduced
in the Prologue of this chapter.

A second key step in the vector field method is to use the temporal weight of {W}
and the L2—L* Sobolev inequality (A.1.2) to obtain an estimate that reflects the dis-
persive decay that the density satisfies, see Proposition 1.2.10 and Remark 1.2.8. Our
approach for proving this estimate is adapted from Smulevici et al [Smul6, FJS17]. To
control the terms F(W? p, WPp) that appear in the conservation law, the decay estimate is
supplemented with the aforementioned bootstrap assumption, where we assume that the
estimate (1.2.24) holds. To avoid circularity, we use the temporal decay to show that the
right hand side of estimate (1.2.24) can be replaced with C/2. This is in direct analogy with
the LWP scenario, where the inductive hypothesis of Aj_; was used to show that it also
holds for A;. This analysis is a nonlinear modification of Points II and III introduced in

the Prologue.

Remark 1.2.8. In fact, the pointwise decay in time will be proven for the spatial density
p(t,x)= fle p(t,x,v) dv. That this is available for the integral over velocity arises from the
intuition that dispersion occurs because the physical extent of the particles spreads out
while the total mass is conserved. With the same mass divided among a greater volume,

the spatial density (which is what p measures) must decay.

1.2.6.1 The weighted vectorfields

Galilean relativity is the physical theory that asserts that the the laws of motion pre-
scribed by Newtonian mechanics are the same in all inertial frames. Newtonian interac-

tion of particles reduces to, under the simplification that individual particles don’t inter-
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act, Newton’s first law of motion: the Vlasov equation
dip(t,x,v)+v-dyp(t,x,v)=Xp =0.

The Galilean boost transformation of p(t,x,v) is, for any w € IRd, the change of inertial
frame defined by

pw(t,x,v) :=p(t,x +tw,v +w). (1.2.25)
This action is continuously parametrized by w and acts as the identity when w = 0. An ex-
plicit computation shows that if p solves the linear Vlasov equation then p,, does indeed
solve it as well:

X(pw)=0.

Assuming the family p,, is differentiable in w, the linearity of the Vlasov operator X

implies that dow ¢ any w = w’ also solves the Vlasov equation:
dw

d
x| Puw - 0.
dw w=w’
Taking w = ¢; as the basis element in R we find ddp—;‘j" =1d ip+d,ip- We hence define
w=e;
Wi = taxi + avi (1.2.26)

fori=1,...,d, which are the infinitesimal generators of the Galilean boosts (1.2.25). This

construction of the W; shows that they satisfy the commutation relation

[X,W;]=0, Yi=1,...d. (1.2.27)

al

Let @ = (a1,...,a4) be any multi-index and denote W% = W, --W;d. Then (1.2.27) and
an induction argument show [X, W] = 0 for all multi-indices. These computations, and
the t-weight in each W;, imply that they are good candidates for getting pointwise time

decay for the Vlasov equation. Denote

p(t,x):= [ p(t,x,v)dv (1.2.28)
IRg
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as the spatial density of p. The following lemma is the first step in proving our desired

result.

Lemma 1.2.9. Let p € CSO(IRtx,%ff,) and suppose t > 0. Then

lp(t, x)| < 1 [W%(t,y,v)| dydv. (1.2.29)
td
RZ4,

Proof. For x = (xl,...,xd) € IRd, define the infinite rectangle
Re:={veR% |y’ <x'Vi=1,...d).
The compact support of p implies

(0= [ 9,100 4p(ty) dy
Ry

_ j J 9.1+ _gp(t,y,v) dydv.

Ry Rd

The compact support also tells us

J avip(t,x,v) dv=0
IRd

foralli=1,...,d. We then arrive to

pel=|[ [ 2 -0aet v dyar|= | [ [ Wi Wapte,p,0) dydo
x R4 x R4
Stid J |Wy - Wyp(t,y,v)| dydv Stld Z f [W%(t,y,v)| dydv.
R |a|sdm%
This is the desired inequality so the proof is complete. ]

We note that the proof of Lemma 1.2.9 provided a sharper estimate than (1.2.29); we

had bounded |p(t, x)| with the same decay but each W; was used only once. We also note
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that the estimate is not useful for ¢ = 0 because the right hand side blows up as t 0.
We now show how to overcome this hurdle. Let 0 <t <1 and define the Japanese bracket

(t) = V1 + 2. Then (t) < V2 so this immediately implies that (t)"d >27/2 Then

penl=([ [0 -daptpm dyiel < [ 10,00, aptm 0 dyiv

x]Rg %’d
<) Jlaxp(t yv )Idydv— Sarz Z J dxp(t,y,v) dydv
lal<d 5 lal<d 24
y’v }/;
C
SW Z J 0% p(t,v,v)| dydv. (1.2.30)
v,V

This estimate fixes the weakness of Lemma 1.2.9. Consider the collection {axi, W;} and
denote I' as an arbitrary element of this collection. Define I'* in the natural way. Then we

have proved the following.

Proposition 1.2.10 (Pointwise decay for Vlasov). Let p € CZ°(IRy x IR,ZC,%) and t > 0. Then
there exists a constant C depending only on d such that

Ip( Z J|r“ (t,9,v)| dydv. (1.2.31)

|(X|<d 2d

Remark 1.2.11. We note that the proof for (1.2.31) does not need the full power of p €
CP(Ry x IR,ZC‘Z,) Our theorem will have p € C%([0,T]; Y*) n C1([0,T]; Y*~!) for some s so
taking spatial derivatives, at least in the weak sense, is valid so long as s is large enough.
However, we do not have any regularity in v from our LWP theorem. The upshot is that
we do not need it; we only need that p is well defined on integral curves of W; so that the

derivatives W;p makes sense.
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1.2.7 Global existence

Proof of Theorem 1.2.3. We present the proof of (a) first. Assume the spatial dimension
satisfies d > 2. Theorems 1.2.2 and 1.2.7 show that T, > 0 for every ¢ > 0. We need to
show that T, = oo for small enough initial data. Assume that T,¢ < oo for all € > 0. Then
Theorem 1.2.7 implies
10F (6%, )l 1 ) € L0, T) X RY)
la|l<d+1
We will arrive to a contradiction by showing that there exists a small €y > 0 such that
sup Y 110%p(t %l 1 ga) <00 (1.2.32)
d v
(t,x)€[0,T.F )xRY |a|<d+1
for all € < €. Define the weighted energy as
A=) Il =l
la|<2d+1

We will prove (1.2.32) by showing that
A(t) < Ae, 0<t<TE (1.2.33)

for small enough € > 0 and some A > 0 that is independent of time. First we show why
(1.2.33) implies (1.2.32). Fix a multi-index a of length |a| < d + 1. Then the pointwise

estimate (1.2.31) shows

D N9y gay s ) M6l 1 g

lal<d+1 la|<d+1
C
< — TArep(t,—
<opa 2 ITtet
|Bl<d |a|<d+1
C CAe

< WA(t) < o < oo (1.2.34)

Taking the supremum over all (t,x) € [0, T.€) x ]Rfcl proves (1.2.32) and the theorem. Hence,
it suffices to show that there exists an €y > 0 such that (1.2.33) holds for all € < €(. This is

done by bootstrapping.
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We note that the initial energy A(0) depends only on the initial data. Hence we can
find a large constant A depending on 2d + 1 derivatives of py (but is independent of €)

such that A(0) < Ae. Define the set
E.:={T€[0,T)| A(t) < Ae VO <t < T}. (1.2.35)

This set is not empty because 0 € E. by construction. Moreover, A(t) € C([0, T)) so E. is
also closed. By the continuity principle, (1.2.33) will be proved if we show that E. is open
because it would imply E. = [0, T.F).

Let t( € E¢. Continuity of A(t) shows that there exists a T’ > to such that
JA(T’) = Alto)| < Ae,
and so this immediately implies
A(t) < 2Ae, 0<t<T. (1.2.36)

We show that A(t) < 2Ae actually implies the sharper bound A(t) < Ae for small enough
€. This would imply that E. is open, as we hoped. Let a be a fixed multi-index of length

la| < 2d + 1. The commutation relation XI'* = T*X and the proof for (1.2.8) immediately
imply

t
IT%p(t,—)lly0 <IIT%p(0,—)lly 0 + f IT*Xp(s,—)llyo- (1.2.37)
0

The integral term is precisely

T%F(p,p)(s,x,v)| dv = F(T7p,TPp)(s,x,v)| dv.
Ik o= [[{ Y &

[y|+IBl<|al
R24, R24,

Then either |y| > |a|/2 or |B| > |a|/2. In the former case, we do the change of variables

v+v’ = w, use the same analysis as in (1.2.13), apply the pointwise decay estimate (1.2.31),
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and the bootstrapping assumption to find

F ry Irﬁ I X42] d < ry P rﬁ P 0
[J Fr7eLcten) .50 do <0766l y P05l oy

R24,
C -
e L O | ST S R [
<> |o|<d+|B]
2C
< <s> Yp(s,—llyo.

In the latter case the change of variables v —v’ = w and a similar argument yields

ﬂ F(IT? pLITP pl) (5,%,v) dv < IPPp(s,— )l 1,1 IT7 (s — ] o0, 1

R24,
< S p(s, =11 |6|;|Vl||r5p<s,—>||L}CL%
2< 76t lyo
These estimates show that
I Xpts—llyo < ) 2 G IPpls —lye

Bl<lal
for all fixed indeces. We put this bound into (1.2.37) and sum over all multiindices « to
find

t

I, —llyo < ) %0, )lyo+ ) jnr“Xp(s,—)nyods

la|<2d+1 la|<2d+1 lal|<2d+17,

<A(0 Z fzf;ze IPp(s )IIL 1l ds

|6¥|<2d+l Bl<lal
t

< A(0) + J zg;‘fA(s) ds.
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We can finally apply Gronwall’s inequality to see

(s)d
< Acexp sz;‘f ds|. (1.2.38)
S
0

Choose € > 0 small enough such that the exponential term is bounded by 1, which can
be done because <s>_d is integrable for d > 2. Then (1.2.38) implies A(t) < Ae for all e < ¢
and the proof of (a) is complete.

We now focus our attention on (b) of Theorem 1.2.3. Assume that d =1 and that pisa
solution to (1.1¢) on [0, T]. The proof of Theorem 1.2.7 shows that T can be extended by

a positive value so long as

sup 105 0(t, =N 0o, 1 2d) < 0
te[o,T>|a|SZd+1 e

We prove the desired lower bound for T, by showing that T can be extended until

T¢ = sinh(E)
€

for some B and € to be determined later. As in the proof of (1.2.34), this will be accom-
plished by showing that
A(t) < Ae, YO<t<T€ (1.2.39)

where A (which depends on three derivatives of the initial data, but is independent of ¢)

is as in A(0) < Ae. Define the set
Ec:={T €[0,T¢)| A(t) < Ae YO <t <T}.

This set is not empty because 0 € E¢ by construction. Moreover, A(t) € C([0,T€)) so E; is

also closed. Let t( € E.. Continuity of A(t) shows that there exists a T’ > t( such that
A(t) < 2Ae, 0<t<T. (1.2.40)
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This is the bootstrapping assumption. As in the proof of (a), we show that (1.2.40) implies
A(t) < Ae for 0 <t < T’. This would imply the openness of E. and consequently E. =
[0, T€) by the continuity principle.

Choose B > 0 small enough so that exp(2CAB) < 1 and € > 0 small enough so that

T’ < T€ for all € < €y. The same computations that led to (1.2.38) then imply

t t
A A
A(t 0)exp JZC € ds < Aeexp J‘2C €d (1.2.41)
0

We now use the explicit form of T€ to evaluate the integral

t T€ T€
A
j 2CAe ds <2CAe | — ds= 2CAef ! ds
(s) < ) ) 1+5s2
t=TF€

=2CAe sinh_l(t)

= 2CAesinh™! (sinh (E))
t=0 €

=2CAB.
We conclude from these computations and our choices of B, €( that
A(t) < Aeexp(2CAB) < Ae

for all 0 <t < T’. This concludes the improvement of the bootstrapping assumption, (b),

and the theorem. O

1.3 Main results of the current work

We now give a very brief summary of how the results of dissertation tie into a rapidly
advancing research program of wave-type equations. In Subsections 1.3.2 and 1.3.3, we
give a slightly more detailed overview of the results; we refer the reader to Chapters 3
and 4 for further details. The reader should keep in mind that the key a priori estimates

needed for the analysis are proved using the vector field method.
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1.3.1 Overview

The current work uses the commuting vector field method to analyze the long-time be-
havior of solutions to nonlinear hyperbolic partial differential equations (PDEs). Our
approach is to take a non-trivial symmetric “background” solution, add a symmetry-
breaking perturbation, and study its dynamical stability on the whole space-time. Here
“stability” of the background is quantified by deriving uniform decay estimates for the
perturbations, showing that the inherent symmetries survive in the long-time asymp-
totics.

The classical analytic framework for wellposedness of general equations views the
solutions to the Cauchy initial value problem as perturbations of a trivial constant back-
ground solution [H6r97,Tao06,Sog08]. The recent breakthrough works of Christodoulou
[Chr07, Chr09] have led to new analytical techniques that can account for non-trivial
symmetric background solutions. For example, in [Chr09], he takes a spherically sym-
metric solution to the Einstein field equations which forms a black hole (which he proved
exists in [Chr91]), and adds to it a symmetry-breaking perturbation. He is able to get quan-
titative control of the perturbation by exploiting special structures (or null conditions in
the literature) of the equations which cancel harmful terms that would compromise the
dynamics. With this control, he is able to show that the lower dimensional behavior is
stable for subsequent times.

In a similar vein, the stability properties of some affine totally geodesic maps from
Minkowski space to a spaceform are studied in Chapter 3. Viewing our background map
as a one dimensional ODE solution of the wave map equation, we perturb the homogene-

ity to prove:

Theorem 1.3.1 (Very rough version of Theorem 1.3.5). Totally geodesic maps from Minkowski

space RY3 to a spaceform (M, g) are globally stable solutions to the wave map equation.

Using the spaceform structures of the target, we prove that the equations of motion for
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the perturbation decouple into a nonlinear system of wave-Klein—-Gordon equations sat-
isfying a certain weak null condition. Using the technical weighted Sobolev interpolation
estimates proved in Chapter 2, we prove global existence for this system and derive uni-
form decay properties of the perturbation, showing that the homogeneous ODE picture
is stable.

Quantitative control of perturbations by exploiting null conditions is also the strat-
egy taken by Christodoulou in his monograph [Chr07]. There he proves stability of a
background solution of the compressible Euler equations that exhibits shock singulari-
ties akin to the (1+1)-dimensional Burgers’ equation. By the 1970s [Lax64,Lax73,Joh74],
this Burgers-type shock singularity was known to occur for planewave? solutions to equa-
tions satisfying Lax’s resonant genuinely nonlinear condition. The shock mechanism has
recently been shown [SHLW16] to be a stable phenomenon in the above sense for such
equations. In contrast, global-in-time planewave solutions have been constructed for the
relativistic membrane equation [Lin04, Won17a]. This was possible because the mem-
brane equation enjoys extremely strong null conditions which cancel those terms that
would exhibit the resonant condition of Lax, precluding singular behavior. One can sim-
ilarly ask whether the global results of this lower dimensional phenomena are stable.
The main result of Chapter 4, adapted from original joint work [AW19a], answers this

question in the affirmative. We show:

Theorem 1.3.2 (Very rough version of Theorem 1.3.6). Simple planewave solutions to the

membrane equation are globally stable under symmetry-breaking perturbations.

Remark 1.3.3 (The intimate role played by null conditions). Klainerman [Kla86] and
Christodoulou [Chr86] independently discovered a sufficient algebraic condition on the
nonlinearities of wave equations on R'*3 that guarantees global-in-time existence for
sufficiently small data. A physical interpretation of the null condition is that it prevents

nonlinear interactions between wave packets traveling along the same null geodesic. That

2Planewave solutions are those whose dynamics are only nontrivial in one direction.
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this has an effect on the large-time behavior makes sense in view of the fact that wave
packets that are localized around the null geodesic can interact for an arbitrary amount
of time, in contrast to those which are traveling in different directions; this latter behavior
is guaranteed by the classical null condition of Klainerman and Christodoulou [Kla86,Chr86].

The equations studied in this dissertation (wave maps, membrane equation) both sat-
isfy the classical null condition. However, since we are considering initial perturba-
tions of large background solutions, we can no longer appeal to the small-data results
of [Kla86, Chr86]. Instead, crucial to our analysis is the existence of “vestigial” null
conditions” that survive the perturbations, see the discussions surrounding (1.3.4) and

(1.3.9).

Remark 1.3.4 (Physical Relevance). The equations studied in this dissertation describe
the dynamics of physical models (i.e. membranes [Neu90, Jer11], nonlinear sigma mod-
els [GML60,CBM96], etc). Historically, mathematicians sought to provide rigorous math-
ematical analysis of these physical models by restricting their attention to symmetrically
reduced solutions. Although symmetric regimes are of mathematical interest in them-
selves, the extent of their applications is limited in that physical phenomena is never truly
symmetric. As is evident by the monumental works describing the stability of Minkowski
space [CK93,LR05,BZ09], shock formation in compressible fluids [Chr07, CM14,1LS18],
and formation of black holes [Chr09, AL14], there is an extensive gap in difficulty in
passing from the case of symmetric solutions to those without symmetry. Hence, this
dissertation serve to add to this rapidly advancing and physically relevant sub-field of

PDEs.

1.3.2 Totally geodesic wave maps

A map ¢ : N — M between two pseudo-Riemannian manifolds (N, k) and (M, g) is said
to be totally geodesic if it maps geodesics in N to geodesics in M. This is characterized by

the total vanishing of the fundamental form of ¢, namely the tensor V*d¢. Here, V* is the
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pull-back of the Levi-Civita connection VM onto N. An immediate consequence of this is

that totally geodesic maps are critical points of the energy functional
SI#1= [ (@0 dd 1 sge s dvoly
N

because its Euler-Lagrange equations (ELE) are precisely tr, V*d¢ = 0. Setting the domain
to be (IRl'd,m) and writing the ELE in local coordinates on the target manifold M, we see

that totally geodesic maps automatically satisfy the wave maps equation

O’ + T (@), ¢/ = 0. (1.3.1)

The wave maps equation simultaneously generalize the geodesic and linear wave equa-
tions, as can be seen directly from (1.3.1) and setting d = 0 or M = R, respectively.

In the Riemannian setting, Vilms [Vil70] characterized totally geodesic maps between
Riemannian manifolds as a composition of a Riemannian submersion followed by a Rie-
mannian immersion, both totally geodesic:
)

>
\(35 Vl

B

N M.

With this as a motivational starting point, our work serves to expand on the literature of
totally geodesic maps in the Lorentzian regime by analyzing the dynamical stability of
mappings that factor as

R+ S R Ly, (1.3.2)

where, denoting by e the standard Euclidean metric on IR, the mapping ¢g is a semi-
Riemannian submersion to either (IR,e) or (R,—¢), and ¢y is a Riemannian immersion
from (IR, e) to a spaceform (M, g). In particular, this factorization implies the background
solution is automatically a totally geodesic wave map that has infinite total energy. The

semi-Riemannian submersion ¢g can be classified as spacelike or timelike3 depending on

3Note that by definition, a semi-Riemannian submersion cannot be null. We always
equip the real line R, as the domain of ¢y, with +e.
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whether its codomain R is considered as being equipped with e or —e. A rough version of

our theorem can be stated as

Theorem 1.3.5 (Rough version of Theorems 3.6.1 and 3.7.1). Fix d > 3. A totally geodesic
map satisfying the factorization (1.3.2) is globally nonlinearly stable as a solution to the initial
value problem for the wave maps equation under compactly supported smooth perturbations,

provided that either
TL: g is timelike and (M, g) is a negatively-curved spaceform, or
SL: g is spacelike and (M, g) is a positively-curved spaceform.

We derive the equations of motion for the perturbation in a tubular neighborhood
R x NV of the geodesic ¢1(IR) C M (here R parametrizes the geodesic and N the normal
(n — 1)-directions). The main geometric contribution of Chapter 3 is to show that the
equations for the perturbation u = (u!,i) € Rx N decouple into a system of wave and
Klein—-Gordon equations:
oul = Flu - (du,d@s)y + O(lul,|0ul?),
(1.3.3)

—

0l — Mt = Fu - (du, dgs)y + O(lul, |0ul?).

Here F!, F are functions of the curvature of (M, g) restricted to the geodesic ¢r. The M
are the masses of if, and as a consequence of the spaceform assumption on M, we prove
that M = k{(d@s,d@s)y; where « is the sectional curvature of M. Hence, the assumptions
on @g in Theorem 1.3.5 are there to at minimum guarantee linear stability, i.e. make the
Klein-Gordon terms i have positive masses.

The computations leading to (1.3.3) hinge on a careful Taylor expansion of the Christof-
fel symbols I' in the wave maps equation (1.3.1) about the geodesic @r(IR). This is where
we utilize the spaceform assumption on M; it forces certain cancellations of these Taylor

coefficients which reveal hidden null-structures of the equations. More concretely, we
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prove that the nonlinearities of (1.3.3) can be written schematically as
i (u,dg) + i - O(|u)? + |dul?). (1.3.4)

From this structure we see a complete vanishing of resonant wave—wave interactions that
could lead to finite-time blow up. Indeed, as we are unable to use the Morawetz vector
field as a multiplier, the available decay rate for the undifferentiated wave u! in dimen-

sion 3 is t71/2; the exposed null structures serve to completely remove deadly terms of the

form (u')? or (u!)3. Secondly, notice that every term has as a factor a Klein-Gordon so-
lution . This is crucially important because the linear decay rate for the Klein-Gordon
equation is the integrable power t~32, which serves to dampen the nonlinear feedback
and allow for a global solution. We note, however, that this is the extent of the improved
decay which we can extract from (1.3.4). This is because the background ¢g, as a conse-
quence of being a semi-Riemannian submersion, cannot be null. Its interaction with the

perturbation (du,d@g)yy, is then a generic derivative du and not a tangential derivative for

which there would be an improved decay rate.

1.3.3 Membranes

The starting point of our discussion is the equation

a( mh d,, ¢ ]
I\ (T +m(Ve, Vo)

on R4, the (1 + d) dimensional Minkowski space equipped with the metric m which in

=0 (1.3.5)

standard coordinates is given by the diagonal matrix diag(-1,1,1,---,1). In the equation
. def . . .

we used the notation m(V¢, Vi) = m#"d,¢pdyp. This equation is variously known as

the membrane equation, the timelike minimal/maximal surface equation, or the Lorentzian

vanishing mean curvature flow. This is due to the interpretation that the graph of ¢ in

RV x R =~ R1V4*1 is an embedded timelike hypersurface with zero mean curvature.

Solutions to (4.1.1) model extended test objects (world sheets), in the sense that the

case where d = 0 reduces to the geodesic equation which models the motion of a test parti-
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cle. (The membrane equation can also be formulated with codimension greater than one;
see [AAI06,Mil08].) The membranes can also interact with external forces which man-
ifests as a prescription of the mean curvature; see [AC79,Hop13,Kib76, VS94] for some
discussion of the physics surrounding such objects, and see [Jer11, Neu90] for rigorous
justifications that membranes represent extended particles.

The precise version of our main theorem is Theorem 4.5.8; there we state the result as
a small-data global existence result for the corresponding perturbation equations, after a
nonlinear change of independent variables that corresponds to a gauge choice. Here we

state a slightly less precise version in terms of the original variables.

Theorem 1.3.6 (Rough version of Theorem 4.5.8). Fix the dimension d = 3. Let Y denote a
smooth simple-plane-symmetric solution to (4.1.1) with finite extent in its direction of travel.
Fix a bounded set QO C R3. There exists some €y > 0 depending on the background Y and
the domain Q, such that for any (o, 1) € (H>(R®) N CR(Q)) x (HAR3) N CF(Q)) with

1(o, Y1)l < €, the initial value problem to (4.1.1) with initial data

¢(0,x) =Y(0,x) + o(x),  dip(0,x) = I Y(0,x) + h1(x)
has a global solution that converges in C*(R3) to Y as t — *co.

Here T is to be interpreted as a traveling “pulse”; it is a compactly supported function
that is both constant in two of the spatial variables and one whose differential dY is
null with respect to the dynamic metric. This has the physical interpretation that Y
propagates along only one of the characteristic directions of the nonlinear wave equation.
We remark that our results extend to d > 3, with adjustments made to the regularity
assumptions on the initial data.

The equation of motion for ¢, upon dropping higher order terms momentarily, is

effectively

Om¢ +¢Y(9:+ 9 1)2 ¢ +Y" (91 +9_1¢4)* =0. (1.3.6)
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Here Oy, = —07t2 + Ay, and the background pulse is assumed to be traveling in the +x!

direction, so has compact support in the (¢ — x!) variable. This is derived by a convenient
choice of gauge where the perturbation is written as a graph in the normal bundle of
Y, interpreted as a submanifold of RY4+1, This gauge is also used in [DKSW16], where
the authors studied the stability problem for the static catenoid solutions to the mem-
brane equation. Global existence for equations satisfying a verison of the null condition
is known in spatial dimensions two and three [Kla80,Kla82,Kla84,Chr86,Ali01a,Ali01b].
However, the presence of Y as a coefficient of the resonant terms means that one can’t
directly apply the classical null condition arguments because it is not Lorentz invariant.
More sinister still is the fact that these coefficients have a growing weight when differenti-
ated by the Lorentz boosts (which are the weighted commutator fields mentioned in the

previous section adapted to the geometry of this problem):
LY = (td i +x'9)Y” = (x' = o1 H)Y"”. (1.3.7)

This growing weight has the physical interpretation of a transfer of energy from the “in-
finite energy” background Y to the perturbation.

This growing weight requires us to use a modified bootstrap argument where the en-
ergies of order 2 (controlling 3 derivatives) and higher are allowed to grow polynomially.
This is in stark contrast to generic quadratically resonant settings where only the top or-
der energies are allowed to grow; the more derivatives are used, the more energies remain
bounded.

We begin the analysis of (4.1.2) by dropping the quasilinearity and studying the semi-
linear model problem

Om$ + Y (9 +0_1$)> = 0. (1.3.8)

This simplified problem encapsulates most of the difficulties present in the energy esti-
mates and hence sheds a considerable amount of insight on how to handle the full quasi-

linear problem. That we are able to close the bootstrap in spite of the growing weights is
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due to the fact that Y” has compact support in the (¢ — x!) variable. Since the resonant
interacting terms (dy¢ + 0,1 ¢) represent waves traveling in directions transverse to the
level sets of t — x!, the resonant interaction only takes place for a finite amount of time.

When handling the quasilinear problem (4.1.2) the second term
) 2
PY"(dr+d.1)°¢ (1.3.9)

would naively lose a full derivative (and, due to the growth hierarchy, also lose the asso-
ciated decay) and consequently the bootstrap would not close. What allows the argument
to go through is a “vestigial” null condition in the equation: note that when i = 1 equation
(1.3.7) and the compact support imply that the weight is not growing after commuting
with the boost L!. From this we show that (J; + d.1 )2¢ decays faster than a generic tan-
gential second derivative, and so we can close the auxiliary bootstrap assumptions by

examining the system of equations satisfied by ¢ and L!¢.
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CHAPTER 2

THE LINEAR WAVE AND KLEIN-GORDON EQUATIONS

In this chapter we apply the vector field method introduced in the pervious chapter to
obtain decay estimates for the linear wave and Klein-Gordon equations. Since the well-
posedness theory for these equations is standard [H6r97,Sog08], we focus exclusively on
obtaining the decay estimates through the vector field method approach. As we men-
tioned in the pervious chapter, L!-L* dispersive decay is typically derived from oscil-
latory integral control of the explicit Fourier representations of the fundamental solu-
tions [Tao06]. The physical space nature of the vector field method is then better suited
for the quasilinear regime of Chapter 4, where the principal symbol of the equation de-
pends on the solution itself.

This chapter begins with Section 2.1, where we first record Morrey-type L>~L* Sobolev
embedding estimates adapted to hyperboloidal foliations of Minkowski space!. We also
derive interpolated GNS-type LP-L1 Sobolev embedding estimates, also adapted to the
hyperboloidal foliations. These estimates are valid for any scalar function of Schwarz
class (and by density arguments for less regular functions), and are not confined to solu-
tions of PDEs. The latter estimates are useful because they allow one to save a derivative
over the former ones. A poignant example occurs on R?. Using only the L™ type Sobolev

estimates we can bound

||<P2||L2(1R2> < lPllpoo w2 Pl 2(R2) S Dl 2R2) 101 2(R2):

(Scaling would have given us the first factor of ¢ in H!, but as we know the end-point

Sobolev embedding in L™ is false.) Using LP type Sobolev inequalities instead we can

IFor motivation on why a hyperboloidal foliation approach is taken, see the introduc-
tory discussion of Section 2.2 and Remark 2.2.6
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appeal to Ladyzhenskaya’s inequality to get

1921 2(r2) S bl g1 g2y 101l 2 g2

for a gain of one derivative.

The main results of this chapter are found in Section 2.2. There, the Morrey- and
GNS-type estimates are used in conjunction with the vector field method to derive a priori
estimates for solutions to the linear wave and Klein-Gordon equations. More specifically,
the former are pointwise decay estimates (see Proposition 2.2.7) whereas the latter are a
family of integrated decay estimates (see Subsections 2.2.2 and 2.2.3).

We point out that the Morrey-type estimates (and their associated pointwise decay
estimates for the linear wave and Klein—-Gordon equations) are not original work. They
originated in Le Floch and Ma’s work [LM14] (see also Wong [Won17b]), which adapted
Klainerman’s foundational vector field method [Kla85b] to derive L2-L® estimates for
the wave equation adapted to hyperboloidal foliations of Minkowski space. Hence, we re-
strict our analysis to rigorously deriving the GNS-type estimates in Section 2.1 and their
associated integrated decay for solutions of the linear wave and Klein—-Gordon equations
in Subsections 2.2.2 and 2.2.3. This is original work based on [AW19b], and whose re-
sults can be viewed as the counterpart to the Morrey theory extended to weighted L
based Sobolev spaces. We chose to include the Morrey-type results in this chapter be-
cause they play a crucial role in the arguments used in Chapters 3 and 4. Moreover, since
the recurring theme of the present work is to showcase the vector field method, we high-
light and overview the role it plays in deriving the a priori estimates of Section 2.2. For
the convenience of the reader, complete proofs of the technical details based on Wong’s

geometric formulation [Won17b] are provided in Appendix A.2.

2.1 Sobolev embeddings adapted to hyperboloidal foliations

Keeping in mind the expectation that these integrals will be viewed as being adapted

to a hyperboloidal foliation, we will set our notation accordingly. By X, we refer to the
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IR1+d

hyperboloid in given by

Y 2 2 =12t >0l (2.1.1)

We can parametrize it by R? via the map

(xl,...,xd) = (t=+JT2 + |x|2,x1,...,xd) e R, (2.1.2)

For convenience throughout we will denote by

we(x) T2+ x2, xeR% (2.1.3)

We note that the value of w, when thinking of ¥, as embedded in R*4, of course agrees
with the value of the f coordinate; we use the notation w, as mental aid to work intrinsi-
cally on X, whenever appropriate.

The Minkowski metric on R!*¥ induces a Riemannian metric on Y, which is given

by the matrix-valued function
Xty
we(x)?

relative to the parametrization above. This being a rank-one perturbation of the Eu-

hijzéij_ (2.1.4)

clidean metric, the corresponding volume form can be easily computed to be

dvol, = ——dx! A--- Adx?. (2.1.5)
Wr
The Minkowski space R!*? admits as Killing vector fields the Lorentzian boosts, given

as

L' x19,+10,. (2.1.6)

These vector fields are tangent to the hypersurfaces ¥, for every t > 0 and span the tan-

gent space at every point. In the parametrization above they can be identified with

L'=w,0 (2.1.7)

xi'
We remark that

i Al i _
L'wy=x", L'x =wg.
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In particular, we have that for any string of derivatives

L'l LK w,| <w,. (2.1.8)

If a is an m-tuple with elements drawn from {1,2,3} (namely that a = (a,...,a,,;) with
a; €1{1,2,3}) we denote

L4 E pampam-1...1%1y, (2.1.9)

By |a| we refer to its length, namely m.
Almost all of the analysis of this work uses the following weighted Lebesgue and

Sobolev spaces:

* Forpe[l,00)and a € R, by £F we refer to the weighted Lebesgue norm
1/p

||u||L;; = jw?luﬂ’ dvol,| . (2.1.10)
Xt

* Forpe[l,), a € R, and k € N, by Wﬁ”’ we refer to the weighted homogeneous

Sobolev norm

lll p = ) IEPull o (2.1.11)
“ 1Bk ¢

. . kp .
The corresponding inhomogeneous version W, Pis

k
lull kp =) Il jp- (2.1.12)
Wy ]:ZO WP

The main L2-L* estimates along the hyperboloids X, are

Theorem 2.1.1. ( [Won17b, Theorem 2.18]). Let € € R be fixed. Then the following uniform
estimate holds for functions u defined on the set {t > |x|} € R1*¥ (with the implicit constant

depending only on d and €):

1/2” (d+1-1)/2 H
T w U < ||u . 2.1.13
T Loo(z,) I IIW}d/zm,z ( )
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Proof. See appendix A.2.2. H

With regards to the general approach to the vector field method described in the Pro-
logue of Chapter 1, estimate (2.1.13) sets up the “pointwise estimates from higher deriva-

tive integral norms” described in Point III.

2.1.1 The basic global GNS inequalities

The Nirenberg argument [Nir59] is built upon the fundamental theorem of calculus.

Given a point x € R4 , we will write

xi(s) = (xl,xz,...,xi_l,s,xi+1,...,xd)

as the point where the ith coordinate of x is replaced by the real parameter s. Then
the fundamental theorem of calculus states that, for any smooth, compactly supported

function u,

lu(x)| < j |9;u(xj(s))| ds < J w+:cf(s,)|Liu(x;(s))l ds. (2.1.14)

This implies

ds . (2.1.15)
=1 R
Now, integrating the left hand side and applying Holder’s inequality (exactly as in [Nir59])

this implies (noting that the volume form is weighted according to (2.1.5))
1
d d-1
1 .
td-1 JwT(x)lu(x)ld—l dvol; < l_[ J|Llu(x)| dvol; . (GNSy)

Yo =l\y,
The extra factor of 7 comes from the dvol that appears different number of times on the
two sides. Taking advantage of (2.1.8) which shows that we have really an exponential-

type weight, (GNS;) implies the following arbitrarily-weighted counterpart. For any a €

44



R,

1
-1
o 1+0('ddT1 _d_ ! ari a
rd-1 | w, |uu(x)| -1 dvolTSH JwT|L u+lafw¥ul dvol, | . (GNAWS;)
¥ =1y
T T

(This last inequality follows by replacing u — w¥u in (GNS;).)

d/(d-1)

So (GNAWS; ) asserts the continuous embedding Woljl < ‘Cad/(d—l)+1'

Remark 2.1.2. To foreshadow our discussion, notice that the standard d;-energy of the
linear wave equation (see (2.2.10) and Lemma 2.2.5) controls
-1 2 2
T |u +7||dsu .
el 1,2+ Tldpull
-1 -1
On the other hand, the d;-energy of the linear Klein—-Gordon equation controls
-1 2 2 -1 2
T |u +7||dyu +7 |u
Il 2+ Aoy o+l

(note the different weight on the final term).

Replacing u by u4, coupled with an application of Holder’s inequality, gives the stan-

dard extensions of (GNS;) and (GNAWS;) to Woljp. Let 1 <p <d, we have

ull apra-p) < lull 3 1p (GNS)
1 1-p
VNl appaepy Sl 1p (GNAWS,)
1+adp/(d—p) l-p+ap

Iterating (GNAWS,,) above, we also have as a corollary that, given k € N and p € [1,0)
such that kp <d, for any p € R,

k/d
||| q < [l

k,p ’ (GNAWSpk)
1-q+q(B+k) Wl—p+pﬁ

where g = dp/(d—kp) is the usual Sobolev conjugate of p. We note that the case f+k =1 is
essentially a re-formulation of the standard Gagliardo-Nirenberg-Sobolev inequality on

R4,
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Remark 2.1.3. Notice that formally setting p = 2, k = d/2, and = 0, one sees that

(GNAWS,,)) has the correct scaling for an inequality of the type
p & q y yp

12 dz_l « ”
2l <7 ull) a2

-1
This inequality, as we know, is not true, due to the failure of the end-point Sobolev in-
equality into L. On the other hand, the (Morrey-type) global Sobolev inequality as

stated in Theorem 2.1.1 can be restated in the following form

d/2-1
V2w > |0 < el L2 +1,2- (2.1.16)
1

2.1.2 Interpolating inequalities: non-borderline case

The inequalities (GNSp) and (GNAWS,,) represent the endpoint Sobolev embeddings,
when p < d, in our setting. In this Subsection we prove Gagliardo-Nirenberg type in-
terpolation inequalities. For simplicity we will focus on the case of one derivative: that

is, we examine embeddings of the form

waP nch o o,
with g <r <dp/(d —p). The case of higher derivatives, based on (GNAWSy), is analogous

. def .
and left to the reader. For convenience we denote p* = ddT’;j as the Sobolev conjugate of p.

Proposition 2.1.4. Given q <r < p*, and let 0 € [0,1] satisfy

1

6 1-0
—_ = — 4
q

P

r

Then the following inequalities hold for any o, p € R:

0 1-6
(1=0)/d)|| < | llull -
T ul| or < |lull .q .. 1, , (GNSpqr)
£1+6ﬁr £1+ﬁq Wl_l; par
[} 1-6
(L=60)/d 1 < lul -
T ul| or <[|llul .q llul| 1, . (GNAWS,.r)
£1+(9ﬂ+(1—9)a)-r £1+/3q Wl—l;+ap bar
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Proof. The inequalities hold by applying the following elementary interpolation inequal-

ity of the weighted ﬁﬂ spaces: for all 6 € [0,1],

llull o7 <|ull®  -llultr? (2.1.17)
L50+(1-6)a ‘:Zq/r z:’;p/r
whenever
1 0 0
roq p
O

2.1.3 Interpolating inequalities: borderline case

In the previous Subsection we treated the interpolation inequalities when p < d. In this
Subsection we treat the interpolation inequalities when p = d. Specifically, we examine
embeddings of the form

wal neh e ot

P
where now 1 < g <r < oo. In view of our applications, the case p = d = 2 will be of specific

interest. We occasionally abbreviate the Sobolev conjugate 1* = d/(d — 1).

Proposition 2.1.5. Let g <r < oo, and f € R. Then

q/r (r—q)/
l/d r [|]] r (” Il ] ~[Hu|| ) (GNSq4qr)
C Cq 2 1,d ’ d
( ) +Opr 1+8q l/V(l—d)(lJrﬁQr) o

where 0 € (0,1] is the solution to
1 6 1-0

rooq r+1%

Proof. Replacing u +— w71 in (GNS; ) implies

1/1% d
Tl/d(JwTw“ dvol) SZJW/I ILiu| dvol
i=1

140 1/1%
s(f OB dvol) l
(1 d)(l+ﬁ9r)
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by Hélder’s inequality. Here we used that

1= w(Tl+6/3r)/1 _w(T—l—Gﬁr)/l ‘

This in particular implies

1/(d-1 1* 1*
AN <l lull : (2.1.18)
£y 1+ ;

0pr  Wi_a)1+0pr)

T

We next interpolate using (2.1.17) to find

0 1-0
Null;r <{llull 4 -(||u|| r+1*) :
Cliopr L148g £

Plugging (2.1.18) in, cancelling the extra factors on both sides, we get the desired inequal-

ity after noting that 0 is given by

1% (r=q)(r+1%)
-4 =1/
0 r(1*+r—gq) 0 r(1*+r—gq)

We note that when g = 0, the triple of weights
(1+6Br,1+Bg,(1-d)(1+p0Or))=(1,1,1-4d).

Replacing u > w¥ u we further have as a corollary

(r-q)/r
) . (GNAWSgq)

—q q/r
1/d
() hlgr <y )l
1+0pr+ar 1+Bg+aq (1-d)(1+0r)+ad

2.2 A priori estimates via the vector field method

2.2.1 Energy formalism and pointwise estimates

Our goal is to derive pointwise and integrated decay for a scalar function ¢ : R!*% — R
which is a solution of

—?p+Ap-M>p=0, (2.2.1)
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where M € R represents the particle mass. Note that the case where M = 0 reduces (2.2.1)

to the linear wave equation. We will prescribe initial data at on the slice t = 0:

¢(0,x) = f
J1p(0,x) =g

(2.2.2)

Based on the strategy introduced in the beginning of Chapter 1 (see also the discussion
leading to (1.2.26)), we look for a collection of vector fields {Z} which preserve the flow
of (2.2.1). That is, if ¢ solves (2.2.1), so does Z¢. It is straightforward to check that all of

the vector fields that satisfy this requirement are linear combinations of
* space-time translations: d;, 8x1,...,8xd;
° 1 1 . JRpp— i P ] .
spatial rotations: (2;; = x 8x] x1d i
« Lorentz boosts: L' = td i+ x' 0.

These vector fields are precisely those that preserve the underlying geometry of Minkowski
space (R!*%,m) in the sense that they are Killing vector fields of m: £zm = 0 whenever Z
is any of the vector fields mentioned above and £ denotes Lie differentiation. It is in this
way that one can argue that the vector field method identifies the geometry of Minkowski
space with the geometry of the equation (2.2.1).

Analogizing to the Vlasov model problem of Section 1.2, the natural candidates to
provide temporal decay for solutions of (2.2.1) are the boosts L for i = 1,...,d because of
their t-weight. We note, however, that the crucial step in the proof of Lemma 1.2.9 subtly
used that W; were tangent to constant t-hypersurfaces. This is not the case for the Lorentz
boosts. Instead, we are led to consider Sobolev inequalities on hypersurfaces to which L

are tangent, namely, the hyperboloids X, of the previous section. This is a fundamental

reason as to why we use the hyperboloidal foliations in our analysis. We also emphasize

that we have identified the vector fields mentioned in Point I in the Prologue of Chapter

1.
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The vector field method for the wave and Klein—-Gordon equation (2.2.1) has its roots
in the general idea of “multiply the equation by d;¢ and integrate by parts”. Indeed, by

doing just that, one derives the well known conservation of energy identity

J 10:01 + [V p|? + M?|p|? dx = f|g|2 +|Vyf 12+ M?|f|? dx. (2.2.3)
{t}xR4 R4
The following presentation of the vector field method formalizes and generalizes this
idea in a way that can be used to derive a family of a priori estimates, of which (2.2.3) is
a member.
Let ¢ be any scalar function (in practice ¢ will be a solution of the equation (2.2.1)).
We define the energy-momentum tensor associated to ¢ to be the following symmetric type

(g)—tensorﬁeld:

e 1 _ 1
Qaple] o dapdpp - Em“ﬁ(m 1)””8y(pavcp — EmalgMchZ. (2.2.4)

Given ¢ and a “multiplier” vector field X, we define the corresponding X-energy current
to be the vector field

(X) 7a[p] & (1) Qp, [p]X7. (2.2.5)

The dominant energy condition is the following well-known result: Q[@](X,Y) is a
positive definite quadratic form in dg and ¢ whenever X and Y are both future-directed
(i.e. X0, Y% > 0) and timelike. In the case that X is timelike and Y is null, then Q[¢](X,Y)
is a positive semi-definite quadratic form. These properties are what allow one to con-
struct coercive energies and fluxes for wave equation solutions. For example, we note

that

1 1
QL1311 = 5101l° + 5 IVaepl® + M[p].

This is precisely the energy density that appears in the standard conservation of energy
identity (2.2.3). The following lemma makes this precise when X = d; and Y is causal (i.e.

null or timelike).
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Lemma 2.2.1 (Dominant energy condition). Let Y be a future oriented causal vector field,

that is, m(Y,Y) < 0 and YO > 0. Then

m (% 7[¢],Y)>0. (2.2.6)

Proof. We note that Y being causal implies

N
\Y4
=
=~
N

i=1

Then we compute by completing the square

m (T[], V) = map 0 T[]*YF = map(m™ “”Q[q)],w )'YP = Q) (94)
1 _
= 0ipY e —-m(dp, Y)m™ (dg, dep) - §m<at, Y)M?p?

d
1 ; 1 1
= §Y0(9t¢)2 + E Y'01pdip + EYo(ai(P)z + §Y0M2(P2
i=1

d[\/ﬁl yi

2 .
Yi)? 1
] (2 ) (2r)% + = YOMZ(P2

d : 2
1 VYO Y! 1
> —Y0(9tfp)2 + Z[—ai(P+ —3tfp] - —(9t<P) +5 YOszpz

]

Motivated by the dominant energy condition, for any spacelike hypersurface ¥ with fu-
ture oriented unit normal N (which is timelike by definition), and for any future oriented
timelike multiplied vectorfield X, we define the X-energy of ¢ along ¥ to be

1/2

JQ[(P](X,N) dvols [ . (2.2.7)

)Y
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For example, for a solution ¢ of (2.2.1), the d;-energy of ¢ along {t} x R?, namely

f QlpN(ds, 1) d,

><1Rd
is the square of the standard conserved energy of (2.2.3).
A straightforward computation yields the following identity, which will form the

starting point for our a priori estimates for the wave and Klein—-Gordon equations:

1
div(MT[e]) = (On - M)pXe + 5Q P [plLxmag. (2.2.8)

We pause at this juncture to make a few remarks. Firstly, the vector field X was called
a “multiplier” because the term (O — M?¢)X¢ on the right hand side of (2.2.8) is being
multiplied by X¢. It is in this way that we are generalizing the previous notion of “mul-
tiplying the equation by d;¢” when deriving (2.2.3). Secondly, we note that the second
term %Q“ﬂ[go][lxmaﬁ completely vanishes whenever X is a Killing field of the Minkowski
metric m. From the discussions in the previous paragraph, for the rest of this work we
will always use the multiplier vector field X to be the Killing field d;. The a priori esti-
mates will be a consequence of applying the divergence theorem to div((x)j[qa]) over a
spacetime domain sandwiched between spacelike hypersurfaces (so that the correspond-
ing normals are timelike in order to obtain coercivity as per the dominant energy condi-
tion). This generalizes the notion of “integrating by parts” when deriving the standard
conservation of energy identity (2.2.3). It also makes precise the discussion of conserva-
tion laws of Point II in the prologue of Chapter 1. Indeed, if supp{¢l|;=g, d¢Plt=0} € B(0,1),
the proof of Proposition 2.2.2 shows that the energy is conserved because estimate (2.2.9)

is achieved with equality.

Proposition 2.2.2. Suppose ¢ solves Op — M?¢ = 0. Then

JQ ¢](dt, d) dvoly < J Ql¢1(d;, ;) dx (2.2.9)

{0}xR4
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Remark 2.2.3. This proof is standard and is adapted from notes taken in Willie Wong’s

Introduction to Dispersive Equations course.

Proof. Define the regions
D" E((t,x) e R [t>0,2 <?+[x?),  DLED N((t,x) e R | |x|<p-t).
Then we analyze the boundary of Dj, as

def
R, = {(0,x) e R™ | |x| < p;

H

def 1+d |,2 2 2
Cop = {(t,x) e R —|x|* < %, t=p—Ix|};

def

1+d | ,2 2 2
o = (LX) R x|T =17, t < p—|x]).

)Y

The identity (2.2.8) and the divergence theorem imply

0= J(ucp ~M?$?)9;¢ dvol = J-div((af)j[cj)]) dvol = f 1) 74 AVOL
D’E D;:l ET,V'FCT’PI‘FRH
Along Yo the volume form? can be factored as dvol = dt Advol, (see (2.1.4) and (2.1.5)),

SO

f L(at)j[(ﬂ dt Advol; = J m(ap(é’t)j[(p]) dvol, = J Q[p](d¢,d;) dvol,.
Lt,p Yo, Xr,u

On Ry, we factor by dvol = dt A dx and use the change in orientation to see
jl(9t)j[¢] dt Adx =- J Q(dy, d) dx.
Ry =0, |x|<p

Finally, we notice that the dominated energy condition (2.2.6) implies

J l(at)j[(]‘l)] dvol > 0.
Cf[,‘u

’Note that the Riemannian metric / induced on X, by the Minkowski metric agrees
with the one on £,
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Hence we conclude

J Q(&T, at) dVOlT < J Q(at, Bt) dx < J Q(at, 3t) dx.
Eru t=0, |x|<p {O}XIRd
Letting y — oo concludes the proof. H
Motivated by the discussion immediately following Lemma 2.2.1, given a solution ¢

of (2.2.1), we define the d;-energy of ¢ along the hyperbola ¥ to be
1/2

Eclp] fQ[cp](at,aT) dvoly | . (2.2.10)
Er

In this notation estimate (2.2.9) naturally reads as

Ecl) < f g1 o) + 118l 2
Remark 2.2.4. The flexibility of the dominant energy condition allows one to define
other kinds of energies, see (2.2.7). For example, let K «f (t2 + |x|%)9; + 22?:1 txiax,-. It
is straight forward to check that K is a future oriented causal vector field. Define the

(?)—tensor

~ d_ef ) d -1 2 _ d -1 2
Qlp)(K.) E QU)K ) + g e Lxm)d($)’ - go—d fer L) 2
and its associated the modified current
K719 = QlolK, ). (22.11)

Then a tedious but straightforward calculation implies the following divergence identity

for the modified current:

div(® T[p]) = 0 (K +(d - 1)te).
Hence, for solutions to (2.2.1) with M = 0, the proof of Proposition 2.2.2 can be repli-

cated3 to show that

fé[qb](at,aa dvol, < f QP13 9y) dx,
X

{0}xIR4

3For compactly supported initial data, say.
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where the integral on the left hand side of the above inequality is defined as the K-energy
of ¢ along ¥.

Because our analysis will use the weighted Lebesgue and Sobolev spaces (see defini-

tions (2.1.10) — (2.1.12)), we set up the following useful lemma.

Lemma 2.2.5. Suppose d > 3. Then the following estimates holds with a universal implicit

constant, with (l)t t(P

Elpl Pl n2 + Pl 2+ M 2 (2.2.12)
E[LYP] ~ T_1/2||<P||Wk+1,2 + T 2llpgll 2+ T 2IMGL o (2.2.13)
lar|<k -1 -1 1
Proof. The proof can be found in Appendix A.2.2 O

Remark 2.2.6. A feature of (2.2.12) is its anisotropy. Consider momentarily the wave
equation case of M = 0. The classical energy estimates of wave equations control inte-
grals of |d;¢|* +|V¢|*> where all components appear on equal footing. Here, however,
the transversal (to ;) derivative d;¢ has a different weight compared to the tangential
derivatives L’ ¢. Noting that by its definition, d; has unit-sized coefficients with expressed
relative to the standard coordinates of Minkowski space. The coefficients for L' (within
the light cone {t > |x|}) have size ~ t. Therefore an isotropic analogue would be expected to
contain integrals of tLZ(Licj))2 along with integrals of d;¢. This indicates that an isotropic

analogue would contain, instead of the integral given in (2.2.12), the integral

gl z+rl/2||¢t||£z.

In other words, the integral for L'¢ in the energy (2.2.12) has a better w, weight than
would be expected from an isotropic energy, such as that controlled by the standard en-
ergy estimates.

This improvement reflects the fact that the energy estimate described in this sec-

tion captures the peeling properties of linear waves within the energy integral itself. It
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is well-known that derivatives tangential to an out-going light-cone decay faster along the
light-cone, than derivatives transverse to the light-cone. As asymptotically hyperboloids
approximate light-cones, we expect the same peeling property to survive. Indeed, the

energy inequality (2.2.9) shows that we can capture this in the integral sense.

Proposition 2.2.7. ( [Won17b, Proposition 3.2, Remark 5.8]). Let ¢ solve (2.2.1). Then the

following estimate holds (with the implicit constant depending only on d)

] o

v

t(P”LOO

+ |y’
L= (2q) L= (2r)

< ) &Yl (2214

la|<|d/2]+1

Proof. The proof follows from the global Sobolev pointwise L>~L> estimate provided by
Theorem 2.1.1 and Lemma 2.2.5 by setting £ = —1 for d;¢ and L’¢ and by setting £ = 1
for ¢. [

Remark 2.2.8. We note that the Klein—-Gordon mass term M ¢ has improved decay over the
wave derivatives dy¢ and L'¢. This is a well-known fact [Kla85a] and is a consequence
of the positive w,-weight in the mass term M¢ of the energy density (see (2.2.12) and
(A.2.17)). Note that Proposition 2.2.7 does not provided pointwise decay for ¢ itself in
the wave equation case of M = 0. In this scenario, one can still get decay for ¢ itself by

appealing to Hardy’s inequality (see Lemma A.2.5) when d > 3.

Proposition 2.2.9. Suppose d > 3. Let ¢ solve the linear wave equation, that is, (2.2.1) with

M = 0. Then the following estimate holds (with the implicit constant depending only on d)

(d-2)/2

o™ Pl s ) &L (2.2.15)

lal<|d/2]
Proof. The estimate follows from the global Sobolev pointwise estimate provided by The-
orem 2.1.1, Lemma 2.2.5 with £ = -1, by Hardy’s inequality (see Lemma A.2.5) to control

the term without any derivatives, and by the coercivity afforded by Lemma 2.2.5. [
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Remark 2.2.10. Note that estimate (2.2.15) is not sharp. By estimating the fundamental
solution of the linear wave equation, we expect ¢ to decay like td=1)/2 - wgd_l)/z. The
sharp decay rate can be obtained by hyperboloidal techniques by using the K-energy as-
sociated to ¢ (see Remark 2.2.4 and [Won17b, Proposition 5.6]). We omit this computation

because we do not use the sharp decay rate for ¢ in Chapter 3 nor in 4 when M = 0.

2.2.2 Wave equation, d =2,3,4

In this section we apply our results to obtain £7 bounds by £2 integrals that occur as part
of the conserved energy for the linear wave equation. As we will see there is often more
than one way to obtain interpolated estimates, depending on the number of derivatives
one is willing to sacrifice. Rather than attempt to be exhaustive in this section, we will
opt for concreteness and list several possible estimates for dimensions d = 2, 3,4, where
the choices are more limited. As we will see, the most delicate case is when d = 2 because
Hardy is not available. For clarity we save those estimates until the end of this subsection.

Throughout we will let u be a smooth function on R1+d, and u; will denote its time

derivative. Motivated by Lemma 2.2.5, we will denote by £ the kth order energy quantity

1/2
+T u .
el g,

(1) = 7~ 1/2
(0=l 2y K

Proposition 2.2.11 (d = 3). When r € [2,6],

Ml 5 < EolD) (2.2.16)
r—”f(nun eorr e el )<(Fk(’f))% (e () 5. (2.2.17)
o T o k,r ~ A~ . L
W21 Wij2—20)
When r > 6,
-1/r < (F #. E % 2.2.18
s o S Eo) T Ea(0) T (2.2.18)
r-l/f(nun otr e e tllul s )s(ﬁkH(r))#(Ekﬂ(r))@. (2.2.19)
W22 1) Wija-2(*1)
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For higher derivatives, the latter of the above estimate in r > 6 can be replaced by

r=2 r=2
2r 2r  (2.2.20)

4
el knr g+ Tl g )S(Ek(T))zr'(Ek+l(T)) (Bke2)

W2 22(1) W22 1)

Proof. Estimate (2.2.16) follows by applying (GNSpqr) with d = 3, g = 2. Indeed, we see

0 1-6
(1-6)/3
T ul|pr <||u |l . ’

where 0 € [0, 1] is the solution to

1 6 1-6 6— -
1.6, . 0 r, 1_9:3r 6'
r 2 6 2r 2r

Rearranging using Hardy on the first factor and the definition of the energy we see that
(2.2.16) follows. Similarly, if & is a k-tuple with elements drawn from {1, 2,3} and v is any
function we have
0 1-6
L P (L1 I (TN I
with the same 0 as before. Replacing v — Liuor us, and since we can estimate ||L“Liu||£2
by the kth order energy without invoking Hardy, (2.2.17) follows using the definition ;)f

their energies with the respective weights.

For larger r, we first appeal to (GNAWSqq,) withd =3, 9 =6, and

1+pgq+ag=1

1
-2(1+p0Or)+3a = )

9
Or = 3
5 +7r— 6
which is solved by
%+r—6
@=p 3+2r
This implies
r=6 r—6)/r
o3 uller <l "
r/2-2 _’1/2
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Applying (2.2.16) and (2.2.17) to the two terms on the right we get

6/r (r—6)/r

r—6
= 1/6 1/3 1/2 1/2
T 37 ||ul| ~r < (Tt PEg(T T Eo(t)“Eq1(T

| ||[;r/2_2 ( of )) ( o(7)"“E1(7) )

and

r—6 6/r (r—6)/r
e lull e S (TVORK(D)T (TP ER(D PR (1))

r/2-2
Rearranging this gives (2.2.18) and (2.2.19)

To find the other estimate for r > 6 we appeal to the borderline (GNAWS;) inequality

slightly differently. Using d = 3 and g = 2 now, with
1+pgq+ag=-1,

(1-d)(1+0pr)+ad=-1/2,

1/r=6/qg+(1-0)/(r+1%),

we can solve to find

6 _(=3)(2r-1) _2r=9

O=ermy PR agran s YTagean

Let a be a k-tuple with elements drawn from ({1,2,3} and v be any function. Then the

inequality reads

3 r—2 2/r r%
T "Ly <|||IL%v ANL%v )
()T ey, s\l 2 (Il

Estimating the second factor using (2.2.17) with r = 3 and the choice v = L'u or u;, we can

then rearrange to obtain (2.2.20). O

Proposition 2.2.12 (d = 4). When r € [2,4],

-1/r
Tl (zg) S BolT), (2.2.21)
V llpor + el ) S E(0) T (B (0) 57 (2.2.22)
Wi s’ Wy 253 (2E) -
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When r > 4,

T_l/r”””lii_g,(zf) < (Bo(e)?/" - (Eq(0) 7 (2.2.23)
o (”u”Wff;”(zT) " Tll“fllwfj3<>:T)) < (BR(0)" (Egaal0) T, (2.2.24)
or
Y llgr (5 < (EolO)Y (E1(0) T (2.2.25)
o (”””v"vfj;'nzﬂ " Tl'”t||v°vfj3(zT)) < (Bt ()Y (Eaa(0) T (2.2.26)

Proof. The proofs of (2.2.21) and (2.2.22) are the same as (2.2.16) and (2.2.17) except that

now d =4 and 6 solves

1-6 4—7r _2r—4
4 r o

+

1
,

|

To find estimate for r > 4 we appeal to the borderline (GNAWSy,) inequality. We will

first be applying the inequality with

d=4,

q=2,
1+pgq+ag=-1,
(1-d)(1+6pr)+ad=1,

1/r=06/g+(1-0)/(r+17).

These equations are solved by

8 -2)(3r-2 3r—38
g=—° p-20r=2 0 3-8
r(3r—2) 4+3r 4+ 3r

and so the weight 1 + 0fr +ar =r - 3.

Let a be a k-tuple with elements drawn from {1, 2, 3,4} and v be any function. Then

1747 o
T " IL% < |IL% (L%
() Tl s (el (Il
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This inequality holds for r > 2, so in particular for r > 4. If k = 0 and v = u, then the
first factor can be estimated by the energy after invoking Hardy. The second factor can

by treated with (GNSp) because 2 = 4:

~1/4
T ufl . + Uil - .
(Il ”W}f I IIWE,lz)

il 1.4 =l g + ol g4 <
This gives (2.2.23) after applying the definition of the energy. Again, note that if k is
arbitrary and v = L', then we do not have to invoke Hardy to estimate the first factor by
the energy Tl/rii/r. On the other hand, if v = u;, the first factor is bounded by T_l/rii/r.
The second factor in the case of v — (Liu, uy) can again be treated with (GNSy). Rearrang-
ing the inequalities and using the coercivity of their energies with the respective weights

gives (2.2.24).

Alternatively, we can also solve with

d=4
q=4
1+pg+ag=1

(1-d)(1+6pr)+ad=1

1/r=06/g+(1-0)/(r+17).

Let a be a k-tuple now and compute again with (GNAWSg;) and (GNSy)

14 r—4 4/r _r;4
T 04 04 04
T L%v|| qr <||IL%v -{||L% v .

The prior equations are solved by

16 3r—38

“iGros)  PTYTiiE,

and so the weight 1+0fr+ar = r—3. We control each factor with (GNS;) in the two cases
k =0, v =u and arbitrary k and v = (L'u,u;) as above. This finishes the proof of (2.2.25)
and (2.2.26). O]
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When d = 2, Hardy’s inequality is generally unavailable for the wave equation energy.
So the kth order energy should only be

k+1
Ex(r)=7""2) Jlull + 712 ||uy| .
k 07,2 t k,2
e W (2e)

So we cannot in general control ||u||£I; but we can control the first derivatives of u in £

with suitable weights.

Proposition 2.2.13. When r € [2, ),

r—2

Yl e+l .S B0 (B (2) T (2.2.27)
-1

(Xr) 1 (Z0)

Proof. We appeal to the borderline (GNAWS,) inequality with

1+pgq+ag=-1,
(1-d)(1+6pr)+ad=-1,

1/r=6/2+(1-0)/(r+2).

These equations are solved by

and so the weight 1+ 67+ ar = —1. Let a be a k-tuple and let v be an arbitrary function.

Then we compute

T "Ly < ||IL%v ALY )
(v12) T L eller < 2 | (Il

Replacing v — L'u or u; and using the coercivity of their energies with the respective

weights concludes the proof. O]
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2.2.3 Klein-Gordon equation, d = 2,3,4

The Klein-Gordon energies control additionally a differently weighted L? term. More-
over, as we will see below, it is useful to distinguish between the energies of u and u; (the

latter of which also solves the Klein—-Gordon equation). We write the kth order energy as

4

-1/2
+T v
Il k.2

£ _ 172
klvl(0) = AL k12 (50

1/2
+T v
o Ivell, .2

(Tr) ;

(1)

where v can play the roll of u or u;. Here we’ve assumed M =1 for simplicity. Moreover,

we assume that 7 > 1, so that ||u||£2 < ||u||£2.
-1 1

Proposition 2.2.14 (d = 2). When r > 2, we have

-1/r . <E , 2.2.28

el S Elu(0) (2:2.28)
ﬂ

el i) S RO B (1) 7 (2.2.29)
r=2

Tl S ER)E) B )T (2:2.:30)

r=2
Tl ) S (ER[)(O)T (G l)(e) 7 (2.2.31)
r—3 v)

For the time derivatives the following estimates hold:

r—2

T1_3/r||ut||W{<'r(qu) < (E,k[lxlt](’[))Z/r . (E‘k+1 [M](T))T , (2232)

Vgl s o S Bl (0 - (B [)(0) 7, (2.2.33)
W ()

Tl_l/rllutlll/‘i/l_"{():T) < (Ek[u](r))Z/r (Ere1 [u](r))r%, (2.2.34)

Mgl ger 5 Eglu](0)2 - (B g (2) 7 (2.2.35)
W5 (2r)

Proof. Throughout this proof a will be a k-tuple and v will be an arbitrary function. We
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solve (GNAWSqq;) for

d=2
q=2
1+pgq+agq=pu

(1-d)(1+6pr)+ad=v

1/r=0/2+(1-0)/(r+2),
where p, v can take the values +1. Denoting the weight
def
p(u,v) = 1+6pr+ar,

the borderline inequality yields

r—2

12\ o e
V2) T L s(llull 2) (il 1.2) 7 (2.2.36)
( ) Lotur) L Wy

One explicitly computes the weights as
p(L-1)=1,  p(Ll)=r-1,  p(-L-1)=-1,  p(-1,1)=r-3.

Replacing v + (u,u;) in (2.2.36) and using the definition of the energies with their re-
spective weights with = 1,v = —1 proves (2.2.28), (2.2.32). When yu = v =1, this proves
(2.2.29), and (2.2.33). On the other hand, replacing v — (Liu, uy) in (2.2.36) and using the
definition of the energies with their respective weights with y = v = —1 shows (2.2.30),
(2.2.34). Finally, using y = —1,v =1 proves (2.2.31), and (2.2.35).

O

Remark 2.2.15. We note that (2.2.30) and (2.2.34) are identical to the estimates (2.2.27)
derived for the wave equation. Indeed, the Klein—-Gordon and wave t-energies both con-

trol
k+1

-1/2 . 1/2
T ujl . +T u .
]2-1 il 2+ 72l 1.2

The takeaway is that the mass term 12|y 2 allows for estimates with different weights.
1
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Remark 2.2.16. One can summarize the proof of Proposition 2.2.14 by saying that its
estimates correspond to the four endpoint cases of y, v = +1 when applying (GNAWSq;).
Of course, various interpolations of these hold. One can interpolate, for example, equa-
tion (2.2.28) with (2.2.30) to see, for any 6 € [0, 1],
el e, S (Bl (2) 2O (Egeg [1](0)) 720
1-260
For the sake of brevity and clarity, we leave these straightforward computations to the

reader.

Proposition 2.2.17 (d = 3). When r € [2,6],

-1/r 3
T IIuIIWf,r(ZT)S%[u](T), (2.2.37)
S < (Exlu]) T - (B [u]) 27 (2.2.38)
T ull . < ul) 2r - (k& u ro, 2.
/A e
~1/r &t 36
T ||u||Wk+1,r 5 S (Bglu]) 2r - (Eggr[u]) 27, (2.2.39)
r/2—2( 7)
i 6-r 3r-6
T Ml ke, o S (Bifu]) 20 - (Bggp[u]) 20 . (2.2.40)
War-5 (1)
For the time derivatives, the following estimates hold:
h d he foll g hold
61 3r—6
g S Eku](1) 25 - (B [u])(7) 27 (2.2.41)
Wi (E7)
-1/r 61 3r-6
T IIutIIWk,r (ZT)S(E'k[ut](T)) 2r (Bggr[uel(T)) 2r (2.2.42)
3r/2-2
1-1/r br 36
T IIutIIWk,r (ZT)$(Ek[”](T)) 2r < (Egyr[u](r) 27, (2.2.43)
r/2-2
—1/2+2/r 61 3r=6
T IIutIIWk,r (ET)S(Ek[”](T)) 2r (Bgr[ue](T)) 2r . (2.2.44)
2r-5
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When r > 6, the following estimates hold:

-1
eVl ks

WET (20)
ik
r—“fnunwf/,g(m
T_l/r”””Wffl@T)
T_l/r”””vvl‘fg”oza
fl/r”””%i}gﬁgza

-1
T 1] .

w

-1/r
T ull..
|| ||Wk+1,r

r-3

r/Z—Z(ET)

1)

< (Bl ()" - (Ega [u]) T,

S (Bglu](0)) 2 - (Bgsr [u](z) 27,

< (Ex[ul(0)?" (Exrlul(0)? - Egualu](r)/?)

< (Ex[u)(0)? - (Ex [u](0)? - Egsa[u](r)/?)

< (Eglu](x)"

For the time derivatives, we have:

1/2-2
o272k

erl

-1
eVl r

W3r/2-2

1-
el
/2

1/2-2
22 gl g

r—1

1/2
Tl g
r-3

1
el g
3r/2-4

1-1
Tl
r/2-2

1/2
2l e
r-3

(1)

(1)

1)

(1)

(1)

(1)

()

(1)

< (Exlug)(0)¥"

< (Eglug)(0)*"

(B [u](z)/2 Ek+3[“](T)1/2)

r_z
r
4

r=2
r

4

r=2

7

r—2

(Exer[ue (D)2 Egpa[u](0)/2) T,

r=2

(Ea [0 2 Egalug)(0)V2) 7

< (Exlu) ()" - (B [u)(0)2 - Egpalu](1)2)

< (Ex[u](e)>" -

< (Exlul()”

(Bt [1)(0) % - Egeaau)(0) 2)

"o (Bt [ue)(0) 2 Eg o [ug](0)/?)

Ir—¢
T

s

N

r—

r=2
r

s

N

r—

‘|

r=2

(Exe1[u](0)2 - Egpalu](r)/?)

(Bt [(0)2 - gy olu)(0)/?)
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r
’

r=2
r

T (B )02 Egpaugd(0)2) 7,

s

(2.2.45)

(2.2.46)

(2.2.47)

(2.2.48)

(2.2.49)

(2.2.50)

(2.2.51)

(2.2.52)

(2.2.53)

(2.2.54)

(2.2.55)

(2.2.56)

(2.2.57)

(2.2.58)

(2.2.59)

(2.2.60)



Proof. Throughout this proof a will be a k-tuple and v will be an arbitrary function. For

r €[2,6], we can solve (GNAWS,,q,) with

d=3

q=2
p=2
1+pg=p
l-p+ap=v

1/r=6/q+(1-06)/p%,
where py, v can again take the values +1. Denoting the weight
def
Ppgr(pv) = 1+(0p+(1-6)-a)r

the interpolation inequality yields

3r—6

6—1
2r
1/2-1/ryr a o 2r
V27V LAy, s(nL ol 2) -(||L ol 1,2) .
£ Ly Wy

Ppqr(pv)

One explicitly computes the weights as

(2.2.61)

Ppar(L=1)=1, ppar(1,1)=31/2=2, ppor(=1,-1)=1/2=2, ppar(-1,1)=2r =5,

We note that we are unable to simply replace v — u in (2.2.61) and use the definition of

the energies with their respective weights with y = 1,v = —1 because the second factor in

(2.2.61) is the inhomogeneous Sobolev norm. To remedy this, we again use the extra mass

term in the energy:

IL%ull, 1,2 = IL%ull 2+ IL%ull
w £_1

W)
1 W

-1

<||IL% Cull .
<|IL uH£%+HL ””m&f

< ’Cl/zﬁ.k[u].
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Now we can replace v — (u, 1) in (2.2.61) to prove (2.2.37), (2.2.41) (note that this prob-

lem did not occur for v = uy). When p=v =1, v+ (u,u;) in (2.2.61) also proves (2.2.38),

and (2.2.42).

On the other hand, replacing v — (L'u,u;) in (2.2.61) and using the definition of the

energies with their respective weights with y = v = —1 shows (2.2.39), (2.2.43). Finally,

using y = —1,v =1 proves (2.2.40), and (2.2.44).

For the estimates when r > 6, we appeal to the borderline (GNAWS4,) inequality with

d=23,
q=2,
1+pg+agq=o,

(1-d)(1+0pr)+ad =ppge3(p,v),

1/r=6/g+(1-0)/(r+17),

where o can take the values £1 and pp,43(p, v) is as above. This inequality is valid for r > 2

so in particular r > 6. Denoting the weight
def
pd=3(o,,v) = 1+ 60Br+ar,

the borderline inequality yields

r-2
_ N
(c/3) 7 Ll < (el )M - [”L“””Wm ] .
Pd=3(0,1V) o Ppg3(pv)
One explicitly computes the weights
p4=3(1,1,-1)=r—-1, p4=3(-1,1,-1)=r-3,
pa=3(1,1,1)=3r/2-2, pa=3(-1,1,1)=3r/2 -4,
pa=3(1,-1,-1)=1/2, pa=3(-1,-1,-1)=r/2-2,
pa=3(1,-1,1)=r-1, pa=3(-1,-1,1)=r-3.
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Note that even though

pd:3(1l 17—1) = Pd:3(1;—1, 1);

pd=3(_1’ 17—1) = Pd:3(_1:—1; 1);

that y,v are different implies that we have different estimates. We note that replacing
v u, L'u whenever o = 1,—1 (respectively) is not enough to prove the estimates because
the second factor in (2.2.62) is
1Ll 13 = LIl .3 +IL% %l 51,3
qu3(//‘:V) Ppg3 (V) ppq3(],t,v)

Consequently, special care must be taken to analyze the two different derivative terms
because the left hand sides in (2.2.37) - (2.2.40) are all with respect to the homogeneous
spaces W,

Fix v = u. When y =1,-1 we can estimate

eI ull, 15 S B[]
1

by using Ej < Ef;1. Arguing in the same way, when p = v = 1 one finds

e V3L 13 < B [4]Y2 - Epa[u]2
W5/

For y =v = -1, on the other hand, we estimate

VA <oV (Il Il )< B e
-1/2 5/2 -1/2

The first term was controlled again using (2.2.38). Finally, when p=—1,v = -1 we see

-1/311a _.—1/3 « o
T L%u =T L%u +|[|[L%u]|. .
Il 13 (n I3+ ||W11,3)

S E[u]? g [u]V2 4 B[]/ B u])'/?
S E[u]/? - Egepp ]2
Using these estimates in (2.2.62) with ¢ = 1 proves (2.2.45) - (2.2.48) after appealing to

the definition of the energy with the respective weights.
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Fix now v = L'u. Then, arguing as above with E; < Eg,; for arbitrary k to control

||L“Liu||W1,3 , equation (2.2.62) with 0 = —1 and the estimates (2.2.37) - (2.2.40)

qu30hv)
with the respective choices of y, v = +1 prove (2.2.49) - (2.2.52).

The time derivative estimates are more straight forward, the o = +1 cases are treated

separately but similarly. The first factor in (2.2.62) is treated by
e A L e e )

Simply replacing v +— u; in (2.2.62) and using (2.2.41) - (2.2.44) to control the second

factor ||L0‘ut||W1,3 with the respective choices of y,v = +1 proves (2.2.53) - (2.2.60)
ppq3UhV)
after appealing to the energies with the respective weights. O]

Remark 2.2.18. For the estimates when r > 6 in the previous proof we made the choice
of interpolating £2 with W3, see (2.2.62). As we saw previously in the wave case, specif-
ically the proof of (2.2.19), we can also obtain estimates interpolating £ with W in-

stead. For brevity we leave out these cases and various other interpolations.

Proposition 2.2.19 (d = 4). When r € [2,4],

T_l/r”””Wk,r(ZT) < Exlu](x), (2.2.63)
1
4—r 2r—4
Ml S Elu) T (B []) T (2.2.64)
2r-3
U < (Eg[u]) 7 -(E - 2.2.65
il S ElD T Bl (22:65)
4t 24
T_l/r”””Wé(:-_l%r(ZT)S(Ek[u]) P (Egaau]) T (2.2.66)

70



For the time derivatives, the following estimates hold:

2-5/r

T u o
lsell, .

-1

TV | ger

1-1

A Vg ks

-1+3
e g

4-r 2r—4
< (Bgfue](0)) 7 - (Bgsa [ul() 7,

1 1)

i~

—r 2r—4
S (Bxlue(0) 7 - (Bgpr [ue]()) 7,

War—3(27)
4-r 2r—4
S (Bg[ul(0) 7 - (B [ul(r) 7,

4-r 2r—4
< (Blul(0) 7 - (Bgsr [ue)(0) 7

W ’

r_3(>:’[)

IS

Wi (51)

When r > 4, the following estimates hold:

-1
< lull g,

<
b (2e)

-1/r
T uyl .
lul g

<
2r-3(X1)

-1/r
(Il /71| s <
W5 (5r)

-1/r
Tl ke <
Wy g ()

(Bl ()" (Egar [u]) 7,

(Eelul(e) 37 - (B [u](0) 27

r=2
(Ek[”](T))z/r-(Ek+1[u](1)1/2-Ek+2[u](1)1/2) s

r+2 r—2

(Ex[ul(r)) 2r - (Egqo[u]) 27,

71

(2.2.67)
(2.2.68)
(2.2.69)

(2.2.70)

(2.2.71)

(2.2.72)

(2.2.73)

(2.2.74)



For the time derivatives, we have:

/r T%
3, bt (Exlu)(0)*" - (Ex l[ut](T)l/z'5k+2[“]('f)1/2)r_2 C e
1007 (e a0 (Ee1[u)(0) V2 Egpalu](n)V/2) 7,
U (Exl )0 (B [0e)(0)2 - Epali)2)V2) T
T el g5 S s (2.2.76)
23 Bl o) (B [w) (02 B [ug](0)2) 7,
E 2r (s W2, 1/2%,
RV byt (Ex[) ()" (Egert [1](0) /2 - By ] () )r_2 2277
SO )0 (B[l Em[u](r)l/z)f
- (Exla)(0) " (Bt [1)(0) 2 B[] (0) ) T, 78]
tl 2 k,r r— o
st Usk[u](r))z”-(Ek+1[u]<r>1/2-Em[ut](r)”)T

Proof. The proofs of these estimates are treated in the same way as the proof of Propo-

sition 2.2.17, so we merely highlight the differences. For estimates (2.2.63) - (2.2.70) we

solve (GNAWS

pqr)

with

d=4
q=2
p=2
L+pg=p
l-p+tap=v

1/r=6/q9+(1-0)/p*,

where p, v can again take the values +1. Denoting the weight

Opar (V) = 14(0p+(1-6)-a)r,

the interpolation inequality yields

4-
- r 2r—4

1/2-1/r) 7 a a r
T LYv|| -r < IL® V|| .2 ( L% 1,2) . 2.2.79
IL"v]| - ) (II IILV) [ IIWV ( )

qur(ll,v
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One explicitly computes the weights as

par(L=1)=1, ppar(1,1)=2r=3, ppor(~1,-1)=r=3, ppg,(-1,1)=3r-7.

Replacing p,v = +1 and v +— (u, uy) or (Liu,ut) in (2.2.79) then proves (2.2.63) - (2.2.70)
by following the same analysis as in the proof of Proposition 2.2.17.

For the estimates when r > 4, we appeal to the borderline (GNAWS,,) inequality with

d=4,
q=2,
1+pq+aqg=o,

(1-d)(1+0pr)+ad =ppaa(p,v),

1/r=06/q+(1-0)/(r+1%),
where o can take the values +1 and pp44(p, v) is as above. Denoting the weight
def
Pd=4(o, u,v) = 1+ 0pr +ar,

the borderline inequality yields
r—=2

1/4 r=2 2/r o
(e4) 7 Il <(ievllz) - (1Eeel, 1.0 (2280
Pd=4(0.pV) “ Ppga(mv)

This inequality is valid for r > 2 so in particular r > 4. One explicitly computes the

weights
pd=4(1,1,-1)=r—-1, pa=4(-1,1,-1)=r-3,
Pa=4(1,1,1)=2r-3, Pi=4(-1,1,1)=2r -5,
pa=4(1,-1,-1)=r-1, pa=4(-1,-1,-1)=7-3,
Pa=4(1,-1,1)=2r-3, Pd=4(~1,-1,1) = 2r 5.

Replacing o, p,v = +1 and v — (u, uy) or (L'u,u;) in (2.2.79) then proves (2.2.71) - (2.2.78)

by following the same analysis as in the proof of Proposition 2.2.17. N
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Remark 2.2.20. We note that even though the estimates for r > 4 in Proposition 2.2.19
had almost the same proofs as the ones for r > 6 in Proposition 2.2.17, there is a no-
table difference between the two: there are only four distinct weights for pj_4(+1,+1,+1)
while there are six distinct weights for py-3(+1,+1,£1). The reason for this is that we
controlled the second factor of (2.2.61) using the non-borderline estimates derived from
(GNAWS,q;) with 3 € [2,6]. On the other hand, the second factor of (2.2.79) was esti-

mated with the end point 4 € [2,4].
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CHAPTER 3

TOTALLY GEODESIC WAVE MAPS

3.1 Introduction

Geodesics are a central object of study in both Riemannian and Lorentzian geometry.
In the former, they are the curves representing the shortest paths between nearby points.
In the latter, timelike geodesics describe the motion of a free falling test particle. It is
therefore not surprising that functions between manifolds that preserve geodesics have
received extensive attention by mathematicians. More precisely, a map f : N — M be-
tween pseudo-Riemannian manifolds is said to be totally geodesic if it maps geodesics to
geodesics.

Particular attention has been payed to totally geodesic maps in the elliptic setting
because they are automatically harmonic maps. A map ¢ : N — M between Riemannian

manifolds is said to be harmonic if it is a critical point of the energy functional

def 1
S[(P] = §f<d¢'d¢>T*N®qb_lTM dVOlh. (311)
N
In local coordinates on the target (M, g), the Euler-Lagrange equations (ELE) take the

form

A’ + T (d)(dg, dgb)y, = 0. (3.1.2)
Here Ay, is the Laplace-Beltrami operator on (N, /) and I‘].ik((j)) are the Christoffel sym-
bols of M evaluated along the image of ¢. Harmonic maps simultaneously generalize
geodesics and harmonic functions, as can be seen directly from the equation (3.1.2) and
setting N = R or M = R, respectively. The history of totally geodesic maps and harmonic
maps has been intertwined since the foundational paper of Eells and Sampson [ES64].

There the authors gave restrictions on the curvatures of M and N that imply the exis-
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tence of harmonic maps, as well as sufficient conditions for harmonic maps to be totally
geodesic.

Our work on totally geodesic maps in this chapter serves to expand the literature
to the Lorentzian regime by setting (N,h) = (R'*3,m). In this case (3.1.2) becomes a
hyperbolic equation, and analyzing the solution ¢ amounts to an initial value problem.

In this setting we say a solution to the ELE is a wave map if it solves

O’ + T (@) A/, ddp ) = 0. (3.1.3)

The theory of wave maps has a rich history, for a general review see [SS98, Kri07]. Our
results apply to the physically relevant cases where the target M" = " or H". The former
case models the nonlinear sigma model in plasma physics [GML60], while the latter has
applications in general relativity [CBM96].

The starting point of our discussion is motivated by the Riemannian setting. A well
known result of Vilms shows that “if N is complete, then every totally geodesic map
¢ : N — M factors as

) )
N — B —Ls M; (3.1.4)

with @g a Riemannian submersion and ®; a Riemannian immersion, both being totally

geodesic” [Vil70]. This chapter is concerned with the global stability of certain infinite

IR1+d

energy totally geodesic maps from Minkowski space with d > 3 into a spaceform

(M", g). We consider as our background solutions those mappings that factor as

R PSR Ly (3.1.5)

where, denoting by e the standard Euclidean metric on IR, the mapping ¢g is a semi-
Riemannian submersion! to either (IR, e) or (IR,—e), and ¢y is a Riemannian immersion

from (IR,e) to (M, g). The semi-Riemannian submersion ¢g can be classified as spacelike

A semi-Riemannian submersion ¢ : N — M is necessarily an isometry on the hori-
zontal space normal to fibres. See [O’N83, P. 212] for a precise definition.
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or timelike? depending on whether its codomain R is considered as being equipped with
e or —e. Theorem 3.1.1 is a rough version of our main results. See Theorem 3.6.1 for the

precise statement of TL and Theorem 3.7.1 for the precise statement of SL.

Theorem 3.1.1 (Rough version). Fix d > 3. A totally geodesic map satisfying the factorization
(3.1.5) is globally nonlinearly stable as a solution to the initial value problem for the wave maps

equation under compactly supported smooth perturbations, provided that either
TL g is timelike and (M, g) is a negatively-curved spaceform, or
SL g is spacelike and (M, g) is a positively-curved spaceform.

We emphasize the following key point: as ¢g : R+ 5 R is an orthogonal projection

onto a 1-dimensional subspace, it automatically satisfies the linear wave equation. Further-

more, the total geodesy of the composed map trivially implies that the image of ¢y is a

geodesic in M. This latter point follows from [ES64, Corollary 5A; (21)].

Stability of factored (non-totally geodesic) wave maps of the form

\
4

has been studied by Sideris and Grigoryan [Sid89,Gril0]. In his paper, Sideris was mo-
tivated to study the stability of wave maps localized to a geodesic to overcome singu-
larity issues discovered in [Sha88], where singular solutions for the nonlinear o-model
R!*3 — $3 were constructed whose range contained a hemisphere. Our problem is re-
lated to [Sid89, Gril0] in that their background is also the composition of a geodesic @G
and a solution to the linear wave equation ¢w. Contrastingly, their @ is an arbitrary fi-
nite energy solution to the linear wave equation and hence ¢g o gy is not totally geodesic.
This provides yet another motivation for our problem where we assume that ¢g is as-

sumed to be a semi-Riemannian submersion and hence has infinite total energy. This

2Note that by definition, a semi-Riemannian submersion cannot be null. We always
equip the real line R, as the domain of ¢y, with +e.
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introduces considerable difficulties as the finite energy backgrounds of [Sid89,Gril0] de-

cay at the expected rate of finite-energy waves, whereas ours are non-decaying.

3.2 Explanation of results

In this section we clarify the geometric set-up for Theorem 3.1.1 and expand on the
precise analytical difficulties and conclusions of the result.

In this chapter we adapt the geometric framework of [Sid89, Gril0], where we write
the equations of motion for the perturbation in a tubular neighborhood R x NV of the
geodesic @1(R) C M (here R parametrizes the geodesic and N the normal (n—1)-directions).
The main geometric contribution of this chapter is Proposition 3.4.5, which shows that
the equations for the perturbation u = (1!, i) € Rx N decouple into a system of wave and

Klein—-Gordon equations:

oul = Flu-m(du,des) + O(Jul® + |du)?),
(3.2.1)

0if - Mt = Fu - m(du, dgg) + O(|ul® + |9ul?).
Here F!, F are functions of the curvature of (M, g) restricted to the geodesic ¢y. The M are
the masses of i7, and as a consequence of the spaceform assumption on M, Proposition
3.4.5 implies M = km(dgs,dps) where x is the sectional curvature of M. Hence, the
assumptions on ¢g in Theorem 3.1.1 are there to at minimum guarantee linear stability,
i.e. make the Klein—-Gordon terms i have positive masses.

The computations leading to Proposition 3.4.5 and (3.2.1) hinge on a careful Taylor
expansion of the Christoffel symbols I' about the geodesic @(R). This is where our geo-
metric approach differs from that of [Sid89,Gril0]. In their works, the authors need only
perform a rough quadratic Taylor expansion because they are able to utilize the decay
properties of their background. In our work, we perform a precise cubic expansion to
capture the lowest order nonlinear structures. Our precise control on these Taylor coef-
ficients reveal weak null-structures that prevent resonant interactions that could lead to

finite-time blow up, see (3.4.2) and Lemma 3.4.4. Finally, we remark that the geometry
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of the target manifold M in [Sid89,Gril0] is arbitrary. Morally, the premise for their sta-
bility result is that their background solution converges to the same point in ¢g(0) € M
(as a consequence of finite energy!) as one moves in any direction on R!*? to infinity.
As our background is not decaying, moving along generic directions on R!*% does not
imply that the image ¢yo g in M converges to a single point. Our spaceform assumption

is then a natural way to ensure some sort of homogeneity of the geometry of M as one

]R1+d

moves towards infinity on along the mapping @1 o @g. See Figure 3.1 below.

(a) The image ¢G o pw C M (b) The image ¢y o pg C M

Figure 3.1: The two different background solutions.

Remark 3.2.1. As we will see, for the energy estimates of higher derivatives of # we need
first and second order commutations of the equations (3.2.1) with the Lorentz boosts
L= td i+ x'd;. Under the spaceform assumption, the functions F and F are constant and
hence vanish when differentiated. In the case that the curvature is not constant, these
coefficients can grow: L'F ~ t(F’). Using the weak null structures revealed in (3.4.2)
and (3.4.9), each order of Taylor expansions introduce an additional Klein—-Gordon factor
(which has a linear decay rate of |i7] < t%/2):
F= Z 2 (0)(i)N + ol N*).
|a|<N

As d > 3, this decay can overcome the aforementioned growth. And, consequently, we can
easily relax the spaceform assumption to targets (M, g) with the following property: along

@1(R), the metric g agrees with a spaceform up to fourth order. See also Remark 3.3.1

79



The main analytic contributions of the present chapter are Theorems 3.6.1 and 3.7.1,
which are precise versions of 3.1.1. They provide an open set (in a suitable Sobolev topol-
ogy) of initial data such that the Cauchy problem for (3.2.1) has a global solution in spatial
dimension d = 3. For our analysis of the equations of motion we use the physical space

vector field method and its related energy estimates.

Remark 3.2.2 (Dimensionality). We restrict the proof of the main theorem and the dis-
cussions below to d = 3 because stability of quadratic wave-Klein-Gordon systems is a
known standard result in dimensions d > 4. This leaves the case of spatial dimension two
open for this problem. Recently Ma has made headway in the two dimensional analy-
sis of wave-Klein—-Gordon systems [Mal9]. However, using Ma’s terminology, the result

of [Ma19] does not apply to the “strongly coupled” nonlinearities u-m(du,d¢g) of (3.2.1).

We note that, for d = 3, global existence of coupled wave and Klein—-Gordon equations
is known, see the monograph by LeFloch and Ma [LM14]. In this chapter we give a
short proof of their result using a variant (see [Won17b]) of the the hyperboloidal method
developed in [LM14]. We remark that in that same article, Wong proved global existence
for (3.1.3) for all d > 2 where ¢ is a small perturbation of a constant. Our main analytical
tool is the vector field method adapted to the hyperbolas ¥, introduced in Chapter 2.
This allows us to avoid using the purely spatial rotations, and as our most important
analytic contribution, to prove stability of (3.2.1) assuming that the initial data is in H?,
see Remark 3.2.4. To the best of our knowledge, the best prior results in d = 3 using purely
physical space techniques for wave-Klein—-Gordon systems was stability with initial data

at the level of H® [LM14].

Remark 3.2.3. We note that there are technical differences between the systems studied
in [LM14] and (3.2.1). LeFloch and Ma considered a quasilinear system of wave-Klein-
Gordon equations, which introduces additional difficulties. On the other hand, their non-

linearities satisfy the classical null condition of Klainerman [Kla84] which allows them to

80



extract improved decay from all quadratic nonlinearities. We emphasize that our nonlin-
earities do not satisfy the classical null condition, and hence we are not able to extract the

improved decay present in [LM14].

Remark 3.2.4 (Regularity). To guarantee global existence it suffices that the initial per-
turbation is sufficiently small in H3 x H?; this level of smallness is enough to guarantee
C! convergence. Note that a standard persistence of regularity argument implies that if
initial data is in H* x H3 with smallness in H3 x H?2, this guarantees that the solutions
remain small in H3 x H?, converges to 0 in C!, and has bounded C? norm globally. As we
will see, pushing the regularity down to H3 x H? requires our bootstrap mechanism to
allow for growth in the top order energies, see Proposition 3.6.6. Roughly speaking, this is

3/2 is available

because the improved linear decay for Klein—-Gordon derivatives |dif| < ¢~
using only the third order energies (at the level of H*). Instead, by sacrificing a decay
factor of t71/2, we can rely on the interpolated Sobolev embeddings of [AW19b] to close

the argument at the level of H 3. Had we assumed smallness in H 4, our arguments could

easily be adapted to prevent this growth, guaranteeing C? convergence.

What makes our argument run through is that the spaceform curvature restrictions
expose hidden weak null structures that make harmful wave-wave resonant terms from
the quadratic and cubic nonlinearities vanish. More precisely, we will show that the
undifferentiated factor u' is missing in u-m(du,d¢s) and |u|? in equations (3.2.1). We also
show that the quadratic nonlinearity for the wave solution u! is of the form ir- Jir.

There are numerous ramifications of these exposed null conditions. Firstly, as we are
unable to use the Morawetz vector field as a multiplier, the available decay rate for ul in

12 This means that terms of the form (ul)? or (u!)3 (which are excluded

dimension 3 is t~
by our exposed null structures) could lead to finite-time blow up. Secondly, it is crucial
that only if appear in the quadratic nonlinearity for u! because its expected decay rate is

|i7|+ 0| < t73/2, compared to the derivative wave decay |oul| <t~ L. This improved decay
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for the nonlinearity of u! will feed-back into the Klein-Gordon equations when we try to

estimate |if - m(dul,d(p5)|, allowing us to close our estimates.

3.3 Geodesic normal coordinates

In this section we set up the geometric tools and notations needed for the rest of the
sequel. We first consider the case where M is an arbitrary complete Riemannian manifold
and later specialize to the spaceform setting.

We will construct a system of coordinates for a tubular neighborhood of an arbitrary
geodesic, in which the restriction of the Christoffel symbols to the geodesic vanish. For
a comprehensive treatment of the geometry of geodesic normal coordinates, see the book
by Alfred Gray [Gra04]. He analyzes a generalization of geodesic normal coordinates
called Fermi coordinates. They give a local description of a tubular neighborhood about
an embedded submanifold P ¢ M of arbitrary codimension.

Consider our complete Riemannian manifold (M",g) and let  : R — M be a fixed
geodesic parametrized by arc-length. Let V = {(y(t),v) |t € R, v € Ty(t)ML} denote the
normal bundle along the geodesic . We write V), for the fibres above y and V,,(4,) when
we wish to specify the fibre above a specific point y(ty). We now construct an explicit
local orthonormal frame of a subbundle of V and use it to define the so called geodesic
normal coordinates by the exponential map.

We will parametrize the tubular neighborhood of y by Rx N, where

o,
]
-~

N E(Z=(x%..,x" e R |%] < roc(p))-

Here r¢oc(y) is the focal radius of v, which is defined to be the maximal radius such that
the normal exponential map, see (3.3.1), is non-critical on the normal disc bundle of y
of radius r¢yc (). In the subsequent analysis of the wave map problem, we can guarantee

that ¢y () > 0 because of the spaceform assumption.
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Remark 3.3.1. The generalization of Remark 3.2.1 to targets (M, g) such that the met-
ric agrees with a spaceform up to fourth order along the geodesic ¢r(IR) should also be

accompanied with the following assumptions:
* the focal radius r¢yc(y) is bounded away from zero;

 higher derivatives of the metric in geodesic normal coordinates are bounded away

from infinity.

def . : : :
Denote e; = y(0) and use it to define an orthonormal basis

def
L= (eg,...,ep).

of V), (). For arbitrary x! € R, let (e1(x!),et(x!)) be defined by parallel transporting
(e1,et) along ¥ and note that eL(x1) is an orthonormal frame for Vy(xl)' Also note that
e1(xl) = 7)(x1) by definition.

For (x!,X) e Rx N, define y1(x!; %, s) as the unique geodesic (with path parameter s)
defined by

7/L(x1 %,0) —y(xl), x ;%0 Zx er(x

Remark 3.3.2. We identify the original geodesic y with {¥ = 0} because we have y+(x!;0,s) =

yL(x1;0,0) = y(x!) for any s € [0,1] by uniqueness of ODEs.

We can now define the normal exponential map

—, def 1 -
exp;(xl)(x) = yH(x', % 1), (3.3.1)
which is a map
L .
expy(xl) : Vy(xl) — M.

This normal exponential map shares many features with the usual one from Riemannian

geometry. For example, the inverse function theorem and the following computation
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show that NV is non-trivial and that exp;;(_)(-) is indeed a smooth immersion from R x N

to a a tubular neighborhood, which we denote as 7, around y C M:

d R
expy 1(s9) = 7 Oy(xl;sy, 1)
S=

Y79 (3.3.2)
s=0

d
1 -
d(EXpV(Xl)){fzo} ¥)= ds

_d
ds

s=0

=7
Remark 3.3.3. The “d” in (3.3.2) denoted the differential of the map in the X variables.

Since exp;(‘)(-) is technically a map on domain R x VNV, in the future we write d, ; as the

differential in the x! variable. It is easy to see that, restricted to {¥ = 0},

1
d(exp? 1)) e =a6")

This allows us to define the geodesic normal coordinates by the preimage of the expo-

nential map
exp7_/1
T — RxN.
More explicitly, if
q= eXpy(xl)(f) €7,

then g can be written in geodesic normal coordinates by (x!,¥) = (epr-);,1 (q)-

Remark 3.3.4. Here (exp)%)_1 is the pre-image of the exponential map. Technically, exp)L/
it is not a bona fide diffeomorphism near self intersections of y. In the case that y is an
embedded geodesic, then expf; is a true diffeomorphism. As we are in the perturbative
regime for the ensuing analysis of the wave maps equation, our considerations are local

so we will ignore any self intersections.

The following lemma sets up the key geometric tools that we need for our analysis.

Even though the proof is standard, we include it for the sake of completion:

84



Lemma 3.3.5. Let

be arbitrary. Then the following identities hold

k
k
amrl.j

2 1k

=ei(yh)
yl)
yh
=0
b
=0
yivh
=0
yivh
= dm(Vy i
yl) x
=92 (Vy .
yoly %

d_i,09 k) ‘
j g
el

1

d_i,0 k) '
Jr9xk’g
e

ij,kell,...

i,j,kell,...

i,j,kkmell,...

i,j,k,mpefl,...

Proof. The proof of (3.3.3) for i € {2,...,n} follows by definition and (3.3.2)

The case of i = 1 follows from the discussion in Remark 3.3.3:

Equation (3.3.4) follows immediately because {¢;(y!) | i

transporting an orthonormal set and because parallel transport is an isometry.

9
dx!

7,(3)1) = d(eXpy(yl)))?:O(ei(yl)) — ei(yl)-

9
dx!

rl)

The definition of parallel transport implies

Vaxl d.1

V4%’

=e1(y}).

1) = Vaxl ax]

9. i=1,...,nbe the coordinate vector fields defined by (x',%). Let p! € R

oxt’

(3.3.3)

(3.3.4)

(3.3.5)

(3.3.6)

(3.3.7)

(3.3.8)

(3.3.9)

1,...,n} were defined by parallel

for j € {2,...,d}. Because we are using coordinate vector fields and V is torsion free,

Vaxm d k= Vaxk dym
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even away from y. This implies

Vy 0.1 =0.
oyl

Next we note that any X € Vy(yl) is tangent to the curve expy(yl)(sX). Since this curve is
a geodesic by definition, we have that Vx X = 0. In particular we have that
0= Vaxi+axj (8xi + ax]’) = Vaxi ax]' + Vaxj axi

whenever i,j € {2,...,n}. The torsion condition and setting s = 0 proves

Va.aj =0.

xt X

This concludes the proof of (3.3.6).

Using that the Levi-Civita connection is metric, we see
d.k8ij = 9 k(0,ir0 j)g =(V ki, j)g+(d,i,V k9 j)g

Restricting this computation to y concludes the proof of (3.3.5) using (3.3.6).

For the Christoffel symbols, recall that they are defined by

Vo iax]' = F[]”axm.

X

Taking the inner product with axk, using the metric structure (3.3.4), and (3.3.6) proves

0=(Vy .2 j,0 ' =1k
( 8x1 xJ xk)g )/(yl) ij

Finally, we compute

Inm(Vy .
X

1

9 j»9:k)g = Im(Ti;81k) = DT g1k + T gt

This and (3.3.4), (3.3.5) show (3.3.8). Similarly, (3.3.9) follows.
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3.4 Perturbed system and reduction to wave-Klein—-Gordon system

We now return to the wave map equation and describe the precise construction for

the perturbation to our totally geodesic background

R+ ISy R Ly M

Recall that ¢g is a semi-Riemannian submersion, so in accordance with the discussion
in Section 3.1 regarding [Vil70], we prescribe ¢g to be a linear function ¢ : R"*4 — R
satisfying m(d¢,d{) = £1. As ¢p is an immersed geodesic in M, we identify it with the

zero cross-section about the normal bundle of ¢1(IR) C M (see Remark 3.3.2):

exp
R ‘s Rx N —2% M;

where the first map is the inclusion and the second map is the restriction expé |ﬁ_ .
I1x=0
Equipping R x A/ with the pull-back metric, we then look for maps of the form ¢ &«

1 o £ +u which are solutions to the wave maps equation (3.1.3) on>
R+ 2L R N

Here addition is taken coordinate wise on IR x /. Consequently, the perturbation of our

totally geodesic background takes the form
exp$1(10€+ u): R — 5 M

which is also a solution to the wave maps equation. Of course, u = 0 corresponds to the
background ¢y o ¢5. As we consider ¢ fixed, the equations of motion (3.1.3) for ¢ reduce
to a Cauchy problem for the perturbation u.

Let (xl, ...,x") be the geodesic normal coordinates about ¢y constructed in section 3.3.

In these coordinates u = (u1,u?,...,u") = (u1,ir) and hence ¢ takes the form

¢=C+ul,u?,. . u"y=(C+ul, D),

87



|

P

Figure 3.2: The perturbation as a section of the normal bundle about ¢;.

see Figure 3.2.
The equations of motion (3.1.3) take the form
ou' + T} (€+u', @) -m(dep/,dp*) = 0,
! | (3.4.1)
ou' + T (C+u', ) m(d¢/,dpX) =0, ie{2,...,n).

We compute
m(de/,dg¥) = m(de,dO)s] o8 + m(de, dul)sk + m(de, duf)s] + m(dud, dub).
Taylor expanding I' about the geodesic ¢y o £ we see
. . n .
Ci(C+ul, i) =TH(60)+ ) 2T (60" +O(lul?)
m=1

We pause at this juncture to make some reductions. From (3.3.7) we see that the first term

on the right hand side vanishes. Moreover, since Fjik(€, 6) = 0 for arbitrary ¢, we see that

9191 T,(£,0)=0 (3.4.2)
— ]

q times
for all i,j,k €{1,...,n} and any positive integer g.
Before we expand the Christoffel symbols up to third order, we introduce the fol-
lowing notation: if A is an m-tuple with elements drawn from {1,...,n} (namely that

A=(Ayq,...,Ay) with Aj € {1,...,n}), for a scalar function f we denote

def

daf =0 a;--d.a,f

3As we will see, initial data for u can be chosen small enough so that the perturbation
tol+u=C+ul,f)e RxN.
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By |A| we refer to its length, namely m. Given a vector x = (x1,...,x;) € R", we denote

xA d:ef xAl .. .xAm.
We also introduce the shorthand
def
= m(d/,d?) (3.4.3)

to denote the size of d¢ as measured by the Minkowski metric. Expanding out the
Christoffel symbols up to third order in u, we see that the equations can be expressed

as

n
oul + Z amrfl (£,0)u"™
m=2

~2 Za T (0™ m(dul,de)= Y 94T} (€, 0)ut
Al=2
A=(1,1)
n .
- Zamrjlk(e, m(du/,duk) Z AT} (€, 0’ - m(duf, d0)
m=2 |A|=2
A=(1,1)

n
Y 9arl (.0t o +hot, (3.4.4)

|A]=3
A=(1,1,1)
n
Ou’ + Za I{,(¢,0)
m=2
d .
~2) I, (¢, 0)u™ - m(du, de) - Y oari (¢ 0ut-o
m=2 |A|=2
A=(1,1)
n .
- Za T (¢,0) (du!,duk) -2 Z AT (€, 0)u’t - m(du, d0)
m=2 |A|=2
A=(1,1)

Z OAT (6, 0)u -0 +hoot. (3.4.5)

|A|=3
A%(1,1,1)
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Remark 3.4.1. To clarify, the sums involving A on the right hand side of (3.4.4) and
(3.4.5) are summing over m-tuples A = (Ay,...,Ay;) excluding the vertex A; =1 for all i.

That is, for example,

n

1 o def 1, « a

|A|=2 aq,ap=1
A=(1,1) (aq,a9)%(1,1)

That we are able to do this is of course a consequence of (3.4.2).

Remark 3.4.2. As stated previously, repeated latin indices are implicitly summed over

{1,...,n} unless otherwise stated. For example,

Za T u™ m(dul,de) < Za T u™ m(dul,deo).
j:l

Remark 3.4.3. In the equations “h.o.t.” represents higher order terms of the form
4 4
h.o.t. S Car(|u]® +|9ul*) - f(u, du),

where Cy; denotes some constant depending on the derivatives of the Christoffel symbols
of the target manifold restricted to the geodesic. Here f : R™*2) — R is an arbitrary

smooth function.
We are able to find explicit formulas for the coefficients of the linear terms:
Lemma 3.4.4. Let i,k,m € {1,...,n}. Then, restricted to the geodesic ¢y, we have

amr,jl

= Ruiki
@1 @1

Proof. Denote the coordinate vector fields d ; = X;. Then compute
Im(Vx, X1, Xi)g = (Vx,,, Vx, X1, Xi)g +(Vx, X1, Vx,, Xi)
=(Vx,, Vx; X Xi)g +(Vx, X1, Vx,, Xi)g
= (R(Xom, X1) Xk, Xi)g + (Vx, VX, X Xidg + <VXkX1; Vx,, Xilg
= (R(Xp, X1) Xk, Xi)g + 914V x,,, Xk Xi)g

- <VXka, VXl Xl>g + <VXkX1; VXmXZ>g
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Restricting to ¢r, equations (3.3.6) and (3.3.8) yield

8mr]é1 ' = Rn1ki
P1

1 1

The second term on the right hand side vanishes from the discussion immediately before

the statement of the lemma. O

From this lemma we immediately see that amrllllﬂ = lelll(pI = 0 from the anti-
symmetric property of the Riemann curvature tensor. On the other hand, amr{1|(pl =
Rin11ilgp, which in general does not vanish. We have then proved the following proposi-

tion.

Proposition 3.4.5. The perturbation equation (3.4.1) decouples into the following system of

1 ~»

wave and Klein—Gordon equations for the unknowns (u",u):

—2 Zlejl(f,a)u m(du/,de) - Z IAT}, (€, 0)u
= |[A|=2
A=(1,1)

Za k(6 0)u™ - m(dul, du*) Z AT}, (€, O)u A m(du/,de)
Al=2
A=(1,1)
n
Z 9AF111(€,6)uA-0+h.0.t., (3.4.6)

|A|=3
A=(1,1,1)
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n
ou' + Zleli(€,6)uma =

d
2 Zleji(f,a)u m(du/,de) - Z IATE, (€,
m=2

|A|=2
A=(1,1)

Za Tl (€, 0)u™ - m(dul, duk) Z AT (€, 0’ - m(dul, do)
|A[=2
A=(1,1)
Y oar{ (¢ 0ut o +hot (3.47)

|A|=3
A=(1,1,1)

3.4.1 Reductions when M is a spaceform

We now suppose that (M, g) is a spaceform with constant sectional curvature k¥ # 0. In

this case the Riemann curvature tensor has the following form:

Rijk1 = x(&ikgj1 — &i1&jk)- (3.4.8)
This curvature restriction has the following immediate consequence:

Lemma 3.4.6. Let m,p € {2,...,n} and denote o for any element of {1,...,n}. Then, restricted
to the geodesic ¢y,

9% T* = 32 e =03

1m el — lee

re = 0. (3.4.9)

Proof. Denoting the coordinate vector fields o ; as X;, we have already seen in Lemma

3.4.4 that

Im(Vx, X1, Xi)g = Riniki + 91{Vx,, Xk Xi)g = (Vx,,, X Vx| Xi)g (3.4.10)

+ <VXkX1;VXmXi>g
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for any k,i € {1,...,n}. Taking d; of both sides shows

01V X, X1, XiYg = O1 R1ki + 011 (V0 Xkt XiDg = (Vx; Vi Xk VX, XiDg
- <VXka, VX1 VX1 Xi >g + <VX1 VXkXL VXmXI >g + <vXkX11 VX1 VXmXI >g
Restricting this identity on the geodesic proves
Aimlier = O1Rmi + I, Ty

using Lemma 3.3.5. The second term vanishes because of (3.4.2). The first term vanishes
using the spaceform restriction (3.4.8) and (3.3.5), proving 8%.1“:1 =0.

We can instead differentiate (3.4.10) by d,, and setting k = 1 to deduce

Ipm(Vx, X1, Xi)g = OpRyn1i + a§1<vaX1;Xi>g = (Vx,, Vx,, X1, Vx; Xidg

= (VX X1, VX, Vg Xidg +(Vx, Vix; X1, Vx,,, Xidg +(Vx; X1, VX, Vi, Xidg-
Restricting to the geodesic and using Lemma 3.3.5 similarly proves

2 yi _ . 2 i

Again the curvature term vanishes using the spaceform restriction (3.4.8) and (3.3.5),
while the second term vanishes using the already proved 8%.1’:1 = 0 and that regular
partial derivatives commute.

We have show that, for arbitrary ¢, 8%.1"1'1 (€, 6) = 0. Arguing as in (3.4.2), this proves
83

lee

T1'1 (£, 6) =0, as desired.
O

This lemma has important ramifications. Firstly, it shows that the only quadratic

terms in (3.4.6) and (3.4.7) are of the form i’- m(dif,d¢) and i - m(du',d¢). Secondly, it

1

shows that the undifferentiated wave factor u" is missing from the nonlinearities. This

null-structure allows our argument to run because the missing resonant terms such as
1)2

(u1)? or (u1)3 could potentially blow up in finite time due to the lack of the availability

of the Morawetz multiplier.
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Lemmas 3.3.5 and 3.4.6, and Proposition 3.4.5 immediately imply that the perturba-
tion equations simplify to

n

ou’ =—2KZ m qe) -2 Z ImpTh (€, 0)u"uP - m(dul,de)
m=2 m,p=2
n
+Zamr]1k(€, m(du/,duk) Z Ipaliy (6,00 uPul -5 +hot, (3.4.11)
= m,p,q=2

ou' —xul o = 2ku’ -m(dul,de) -2 Z ImpTly (€, 0)u™uP - m(du, o)
m,p=2

n
+ Zamr]?k(e,om m(du/, duk) Z 2ampqr;1 (,0)u™uPul- o +hot. (3.4.12)
m,p,q=

3.4.1.1 Negatively curved case

Without loss of generality, in the case of negative sectional curvature we assume x = —1.
Consequently we demand that the line £ be timelike (0 < 0) in order to make the masses
of the Klein-Gordon solutions i positive. Without loss of generality, up to a change of

coordinates, ¢ = t. Equations of motions (3.4.11) and (3.4.12) then reduce to

n

— m 2 rl

=-2 E u -2 E 28mpF1 (¢,0)u™uP - m(du’,de)
= ’p

n
+ Zamrjlkw,om m(du/, duk) Z Zampqull (€, 0)u"uPul +hot, (3.4.13)
= m,p,q=

ou’ —u' = 21 up -2 Z 83np1}11 (€, 0)uuP -m(dul,de)
m,p=2

n
+ Zamr]?k(e,om m(du/,duk) Z zampq (€, 0)u"uPul +hot. (3.4.14)
m,p,q=
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3.4.1.2 Positively curved case

In the case of positive sectional curvature, we assume x = +1 and hence, without loss of

generality, we can prescribe £ = x!. This reduces (3.4.11) and (3.4.12) to

Ou —2Z u™ . y™ -2 Z 82mpfll (¢,0)u"uP -m(du’,de)
m,p=2

+ Zamr]lk(a O)u - m(du’,duk) Z Zampqull (€, 0)u"uPul +hot., (3.4.15)
= m,p,q=

ou' —ul =—2u'uly -2 Z ImpTly (€, 0)u™uP - m(du, d0)
m,p=2

n
+ Zamr]?k(e, O)u™ - m(du/,du*) Z zamquh (,0)u™uPul +hot. (3.4.16)
m,p,q=

Remark 3.4.7. Starting now and for the remainder of the chapter we restrict ourselves
to the most difficult case of spatial dimension d = 3. This is a borderline case in the
sense that the linear decay rate for waves t~! barely misses to be integrable. We will
overcome this growth by exploiting the weak null-condition present in (3.4.13) — (3.4.16),
namely that resonant wave—wave nonlinearities are not present. Instead, we see that the
strongest nonlinear interactions are of wave-Klein-Gordon type. Our estimates will close
by exploiting the stronger linear decay rate of =32 for the Klein—-Gordon equation.
Using the integrable decay rate of t(1-4)/2 when d > 4 for linear waves, it is straight

forward to show that our results hold for higher dimensions as well.

3.5 Preliminary L? analysis

In this short section we introduce some minor changes in the notation of the energies

introduced for the linear wave and Klein-Gordon equation in Chapter 2. We will denote
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3 1/2
eV J oY WU+ 1(9ut)? |wgt dvoly, | (3.5.1)
Tq =
X 1/2
gKG[ 1]def J‘ T_l Zleui|2+T(atui)2 w;l_i_,.[—lluilZwT dVOl):T (352)
S j=1

as the energies of (ul,i’). We emphasize that the Klein—-Gordon energy EfG[ui] is adapted
to Klein-Gordon solutions with mass 1, this corresponds to our assumption of ¥ = +1 in
Subsubsections 3.4.1.1 and 3.4.1.2 (see also Remark 2.2.8). As a consequence of Lemma
2.2.5, these energies are comparable to the following weighted Lebesgue and Sobolev
norms of Chapter 2 (see (2.1.10) — (2.1.12)):

EX T = T lull ;1,2 + 72 9ul
—1

KGp, i1 —1/2), i 1/29, i —1/2y), i
Er 7w~ Hulh@}f-kT H9ﬂ4H£31+T Huluf

2,
L7

The proof of Proposition 2.2.2 can be adapted to derive the following fundamental energy
estimate

n n
ENIu+ ) ROl P seflu' P+ ) eXClu'p?
i=1 i=1
+ Oy dpul + (00— i7,d,i7) dvoly_dr, (3.5.3)
T
70 ET

where we wrote
def [ 1
(6, = ZW-
i=2
To see how (3.5.3) can be derived, define

T) def

f
Doy = {(t,x) e R'* | t>O,T12St2—|X|2ST§}; 2=

T
D2 S D2 N{(tx) e RV | x| < p—th,
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The boundary of VD% is the union of

def 1+d 2 2 2 2
Cﬂ = {(t,x) e R'" |ty <t“=|x|" <73, t =p—I|xl};
def
e
def
e

by () e RV | £2 — |x? = <2t < p—|xl);

)y ((t,x) e R | £2 —|x? = 2, < p—|x]}.

Integrating the identity (2.2.8) with M = 0 for u! and M = 1 for u’ over HDE’ applying the
divergence theorem, using the coercivity for jET Ql¢1(ds, d¢)dvol, afforded by Lemma
2.2.5, throwing out the boundary integrals along C, (which is possible because of the
dominant energy condition [see Lemma 2.2.1]), and letting 4 — oo, one arrives to the
desired inequality (3.5.3).

It is useful to work with the total energy of the coupled wave-Klein-Gordon system.

We then schematically write

Eclu] défJf:TW [u112+i€%“?[ui12.

=1

With this the fundamental estimate simplifies to

1
Eqy[U]* = Eqy[u]® < j f Ot dpuud + (O il - if, 94if) dvoly_dr. (3.5.4)
70 E’C

In order to apply (3.5.3) to attain higher derivative estimates of #, we commute the system
(3.4.13) — (3.4.14) with the Lorentz boosts. It is useful to introduce a notation for higher
order energies in order to close the bootstrap assumption in a systematic way. We define
def _1/2 1/2 -1/21>
Ex(r) =1 +177d +T u . 3.5.5

k() Il g2+ 2200l o+ 7 2T e (3.5.5)

We note that the second estimate (2.2.13) of Lemma 2.2.5 implies
£ (T) ~ Z E.[L%).
la|<k

For convenience, we record the pointwise and integrated decay estimates of Chapter 2 in

the notation adapted to u:
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Proposition 3.5.1. For any x € ¥, the following pointwise estimates hold:

IL ()] + 719, u(x)] < we(x) ™Y 2E (7).

The following Sobolev estimates hold for any r € [2,6]:

— 1/r
il . <T T),
I ”W{”(ETV Ex(T)

6-—r
1

ol sty o+ Tl g ST E(D) 2
r/2-2"T r/2-2'"T

Proof. The estimates are an immediate consequence of Propositions 2.2.7, 2.2.11, 2.2.17

and the definition of Ex (7). O

3.6 Global stability in the setting of TL

In this section we use the estimates recorded in the former in order to prove global

existence to the following wave-Klein—-Gordon system:

Oy’ = =2(i8, 9,i7) + (1) + (0)?0yu + it - m(du, du),
R (3.6.1)
Opu’ —u' =2u'du’ + (i) + (0)?pu+it-m(du,du), i=2,...,n
where here (i7)3, (if)20;u, and i - m(du, du) is an abuse of notation representing a linear
combination of terms of the form
u™uPul, m,p,qel2,...,n},
WuPoul,  mpef2,...,n), jell,..n), (3.6.2)

u™m(dut,dul), me{2,...,n}, jkefl,...n).

For our convenience, we will prescribe initial data at t = 2:

w(2,x)=¢o(x),  Ju(2,x) = @o(x).
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Even though this system is a simplification of (3.4.13)—(3.4.14), it captures all of the
analytical difficulties and extending the results to the full equations of motion is merely
a matter of bookkeeping. Indeed, as the coefficients of (3.6.2) in the full system are of the
form 9§3T(€, 0), they can be regarded as constant as a consequence of the manifold (M, g)

having constant curvature*. Moreover, the higher ordered terms in (3.4.13)—(3.4.14) are
(171 + 12110yl + |i? I (e, du)|) £ (s, ),

where f : R"?*+2) 5 R is an arbitrary smooth function. The standard argument, using
the energy method, for either the stability problem or the local existence problem for
nonlinear waves, handles the nonlinearities with the general prescription of “putting the
highest order derivative factor in L? and the remainder in L®.” As the L™ estimates we
will be using are the pointwise bounds from Proposition 3.5.1, we see that higher order
nonlinearities lead to more available decay, and hence add no difficulties when improving
the bootstrap assumptions.

Our main theorem asserts that a geodesic wave map affinely parametrized by a time-
like linear free wave is stable under small (in an appropriate Sobolev norm) perturbations,
and that the perturbed solution stays within a small tubular neighborhood of the back-

ground geodesic.

Theorem 3.6.1. For any y < 1/2, there exists some €y (which depends only on y) such that

whenever ¢, @ are compactly supported in the ball of radius 1 centered at the origin satisfying

ligoll3 +llpolly2 < eo,

4We now give a few more details explaining this fact for amr]?k ; higher derivatives of
the Christoffel symbols follow similarly. Similar analysis used to prove Lemma 3.4.4 and
the geodesy of ¢p show that £, amr]?k = 0. Equivalently, amr]!k is constant along ¢@j. This

can be interpreted geometrically as the flow map of d; is a transvection along the geodesic
@1, see [O’N83, Definition 2.29]
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there exists a unique solution u = (ul, i) to (3.6.1) that exists for all time t > 2. Furthermore,
we have the following uniform estimates:

3
|u1|+Z|Llu|$’c7/t_1/2
=1

7] < TV t73/?

|atu| < T_1+7/t_1/2.

By standard local existence theory we can assume that for sufficiently small initial
data, the solution u of (3.6.1) exists up to ¥,. The breakdown criterion for wave and
Klein—Gordon equations implies that so long as we can show that |if|, |Lu|, |d;u| remain
bounded on X, for all 7 > 2, we can guarantee global existence of solutions. See [Sog08,
Chapter 1, Theorem 4.3]. Proposition 3.5.1 implies that a sufficient condition for global
existence are a priori estimates on the second order energies. The general approach is

that of a bootstrap argument:

1. We will assume that, up to time 75 > 2, that the energies Ei(7) of the solution u

and its derivatives L% u verify certain bounds.

2. Using Proposition 3.5.1, this gives L> bounds on u, and its derivatives of the form

L% and J;L%u.

3. We can then estimate the nonlinearity using these L> estimates, which we then
feed back into the energy inequality (3.5.4) to get an updated control on E(7) for all

T € (2, Tmax]-

4. Finally, show for sufficiently small initial data sizes, that the updated control im-
proves the original control, whereupon by the method of continuity the original

bounds on Ly (7) must hold for all 7 > 2, implying the desired global existence.
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Since the Lorentz boosts L' commute with the d’Alembertian [L?, O] = 0, after applying

(3.5.4) to L% = (L%u!, L*i7’) we see that we need to estimate the integrals

J LY (Opu') L%t + (LY (O 7~ i7), d;L¥i) dvoly, (3.6.3)
ZT
for all tuples a with elements drawn from {1, 2,3} and length < 2.
From the structure of (3.6.1), when |a| = 0 we see a complete cancellation of the quadratic
terms in (3.6.3):

—2(it, 0,10 YIsu' + 2(d,utit, 9,7y = 0. (3.6.4)

Although this cancellation is unique to the case of |a| = 0, for |a| = 1,2 we do see a can-
cellation of all of the top order derivative quadratic terms. We see for any tuple a with

elements drawn from {1, 2, 3}

‘L“( ~ 20, 04i7)) LU + (LY (20 ), agﬂ@} <
|—<1T, Laatﬁ)atLaul + L“&tul(ﬁi atLabT>'
+ Z (LYi7, LB 9,i0)d,L%u! + LPo,u' (LY 7, 9,L%)|. (3.6.5)

IBl+yI<lel
|Bl=la]

Using the commutator algebra properties

; 1, X
[Ll,at] = —8xl’ = —?Ll + Tat, (366)

we see a cancellation of the top order terms in the first term on the right hand side of

(3.6.5). Consequently, the quadratic terms of (3.6.3) can be estimated schematically as

< Z IL? 79, LPud, L%ul + Z wil|LY 7LPud,L%u] dvoly,, (3.6.7)
v, IBlHyI<lal 1Bl+lyI<lal
|Bl2a

where we repeatedly used (3.6.6) and (2.1.8). We can now estimate the quadratic terms

of (3.6.3).
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Proposition 3.6.2 (Quadratic energy estimates). Let a # 0 be an m-tuple® with elements

drawn from {1,2,3}. Then

J ‘L"‘( — 2(if, 04i) )0 LYu + (L* (20,u' 7)), atL“@‘ dvoly,, <
St

T2EL By m=1,
- - 2, —1g2
T 3/2Eg+f 151-EZ+T 151-52 m=2.

Proof. Throughout this proof we use the simple inequality wy! < v=1. We prove the
estimate for the case m =1 first. In this case the top ordered derivative terms of (3.6.7)

that we need to estimate are of the form

J Lt Lu| + wy ' |itLud; Lul dvoly

ZT
(the estimates for the lower ordered terms will of course be controlled by the top ones).
Here it is understood that L can be any of the boosts Li. For the first term, we estimate
the d;u factor by the pointwise estimates in Proposition 3.5.1 and Hoélder’s inequality on

the rest of them

J|Lﬁ’8tu8tLu| dvoly_ < T_3/2E.2(T) j |L17w%/2| -|d¢Lu w?l/zl dvoly,
r Yt

<t ¥2E5(1) - (E1(1))%

For the second term, we control the if factor by the pointwise estimates and use Holder’s

inequality on the rest

Jw;llﬁ’Luath dvoly_ < 7_3/252(’[) j |Lu w;l/zl -|d¢Lu w}l/zl dvol
Yt Yt

<t 2L, (1) (B (1))%

This concludes the proof for m = 1.

>The case m = 0 does not need to be controlled due to (3.6.4).
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For m = 2, the terms from (3.6.7) are

f \LLitd;ud;LLu| + wy'|ifLLud:LLul
Tt

+|L#0;Lud;LLul + wy ' [LifLud;LLu| dvoly .

Again, the estimates for all lower ordered terms can be controlled by the estimates of
these. Here it is understood that LL is any arbitrary second order tangential derivative

L'LJ. The first two terms are bounded by
-3/2 3
T (o (1))

using the same techniques as m = 1 (estimating the lowest ordered terms in L* and the
rest by the energies after using Holder’s). The other two terms cannot be treated with

1/252(’(), this decay

the same techniques. Even though |Lif| + |Lu| can be bounded by wy
is too weak to improve the bootstrap assumptions that we will make. On the other hand,
we can get stronger decay for the third term above by estimating |Lif| < w;3/253(’c). This
is not helpful to us because E3(7) requires square integrability of four derivatives of u
(recall that we want to solve the Cauchy problem for (3.6.1) using data in H3).

We instead appeal to the interpolated Sobolev estimates in Proposition 3.5.1 with r =

3,6 to control the third and fourth terms above. We see
J|LﬁatLu3tLLu| dvoly, = juﬂ wy3]19:Lu wi'®|-|9;LLu w;?| dvoly,
Xt Xt

<]l . dsul| . dsul| .
<1l 310sul 1610l 52

<t E (1) (Ea(1))% (3.6.8)
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Similarly, we see

fw;1|LﬁLu8tLLu| dvoly < 7! JILﬁw%/3| |Lu w%/6| -|0;LLu w;1/2| dvoly,

Tr Xr

<7 il ol 6l 2.2

<77 (E1(1)? - (Ba(2)) (3.6.9)
This concludes the proof of the proposition. N

Remark 3.6.3. The expression on the right hand side of (3.6.9) would allow us to close
our energy estimates with only a log loss, see Proposition 3.6.6. The borderline terms that

we need to deal with are in fact in (3.6.8).

Estimating the cubic terms in (3.6.1) we identify the integrals that we have to estimate

are

J (LPw L7i L+ LPi7- m(dLY u,dL%u) + LPit LV L 9;u)- 9, L% udvoly,,
Xr

for |B|+|y|+|o| = |a|. Here we implicitly used that vector fields act on scalars by Lie differ-
entiation, that m is invariant under the Lorentz boosts Li, and that exterior differentiation

commutes with Lie differentiation.

Proposition 3.6.4 (Cubic energy estimates). Let a be an m-tuple with elements drawn from

{1,2,3}. Then

J|L"‘((p7))3 +L((i7)?9yu) + L* (it - m(du, du))| -|9; L u| dvoly_ <
b
T_3E-%1'Ev% m=0,1

_3¢4 2¢1/4 11/4 - 2 g2 -
R T 2EY Y By B 2R B2 28 B m=2
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Proof. Let us treat the terms with (ir)3 first. When m = 0, we control two of the factors by

the pointwise estimates:

J|(1,7)3 - dgul dvoly < T 3Ey(7)? f |7 wi'?|-|9pu we'?| dvoly,
Xt Xr

ST E(1)? - Eo(T)?,

as desired. For m =1, the same proof follows by controlling the two factors that are not
differentiated by the pointwise estimates (note that the density is |Lif (if )29,Lul). When

m = 2, this can again be used to bound the terms of the form

J ILL#- ()2 - 9, LLu| dvoly_ <t 3E,().
Yo

For the other cases, we couple the pointwise estimates and the interpolated GNS estimates

of Proposition 3.5.1 to find

j (Li2)?-i7- 9;LLu| dvoly_ <7 Y%k, f L& wi/3| - |Li@ wi/%|-19;LLu w7?| dvoly,
ZT ZT

<t 328 (1)2 - (1)

Next we control the (i)?d;u terms. For m = 0, we control one dyu and one Klein—

Gordon term by the energy:

J|(L7)23tu -dgu dvoly ST, f i wy'?|-|9pu we'/?| dvoly,
S S

S 7 Ro(1)% (7).
For m =1, the same technique is used to bound

J it LiT 9yu - 9y Lu|dvoly S T >E1(T)*Ea(1)%.
T
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When the derivative hits the d;u factor we sacrifice some of the decay given by the Klein—

Gordon terms®:

f|(17)2(9tLu -d¢Lu| dvoly,_ < T_ZE,% J |0¢Lu w}l/zl -|d¢Lu w}l/zl dvoly
Xt Xr

-2 2 2
ST Eo(T)” - ||9pull”, 1,2
-1

S TR0 Ea(r).
For m = 2 the densities we need to estimate are d;LLu multiplied by ”
i LLi dyu,  (Lit)?du, L d,Li,  (if)*9;LLu. (3.6.10)

For the first density we estimate the undifferentiated terms by the energies as we did for

m=0and m =1 to see

JlLTLLLT diu-d¢LLuldvoly, < 3k, (1)4
Xt
The second density of (3.6.10) is treated with the interpolation inequalities after using

the pointwise estimate to control d;u:

f (Li7)?¢u - 9;LLu| dvoly <7 32K, f L& wi/?| - |LiZ wy'®| - |9;LLu w?| dvoly,
Xt Xr

-3/2 - -
<T ] . .. osul| .
< Bl ||W1,3|| ||W11,6|| t ”Wf'2

1 1

<t 2E (1)%Ey (1)

50f course, there are lower-ordered terms which appear as a consequence of commut-
ing the derivative: L'd;u = d;L'u — w7 L'u + 3—Tatu. One can check that the energies of
these commuted terms are bounded by 73y E%. We drop these lower ordered energies

because will of course be controlled by T_3EZE§.

7 Again, there are lower ordered terms that rise from commuting L’ and d;. We drop
these energies because one can check that they will all be controlled by the energies of
(i7)% 9;LLu.
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The third density is treated similarly:

J|17L17 d¢Lir- d;LLu| dvoly_ < 32k, f L7 w)3|-10;Lu wl/®|-19,LLu w;'/?| dvoly,
Yt Xr

~3/2
<t 2Ey (1) [Tl 13 [1deull, ;16 - 110 ul
1

c22
Wy WZT

<t 2E (1)Eo (7).

The last case of (3.6.10) is treated by controlling the two Klein—-Gordon factors by the

pointwise estimates

J|(ﬁ)28tLLu -9;LLu|dvoly_ <7 2E3 f |0;LLu wy'/?|-19,LLu w;"/?| dvoly_
S

-2 2 2
ST k(1) gl 5 5
W2

We finally treat the i - m(du,du) terms. Note firstly that the second equality in (3.6.6)

implies the estimate

1
[m(dgpy, dp)l < —5 [Lepy |- [Lpol + 10 pr |- 19
for any scalars 11, ¢,. For m = 0 the pointwise estimates imply

Jm- m(du, du) - d,uldvoly < 73Ky (7)? J i wi'?|-|9pu we'?| dvoly,
Xt Xt

S Tko(1) Ea(7)
For m =1 we similarly see

J ILir- m(du, du) - 9;Lu|dvoly < T >E(7)*Ex(T)%
T
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When the derivative hits the null form factor the density is #- m(dLu,du) - d;Lu. We can

then use the improved Klein-Gordon decay |if]| < w; 32k E, to estimate

04 Lul

1 /2 dvol

jlﬁ’-m(dLu,du)-&tLquol57_1EZJ( “*|LLu|- |Lu| +|0;Lul - |0yu|) =
ZT ZT

<o 2E2 f[ [LLul |atLu|] 9eLul (-

qulr/Z w%/Z waf/Z

1

—-3g2g2
St ETRS.
Replicating the previous estimates, when m = 2,

j |LLiZ- m(du,du) + i7 - m(dLLu,du)| -|0;LLu|dvol < T E3.
Xt
The remaining term

J |Li7 - m(dLu, du)d;LLu| dvoly,
Yt

can’t be treated in the same way because the improved decay from the Klein-Gordon
term comes at a loss of one derivative: |Lif| < wy -2k E3. We must then rely on the weaker
estimate |Li/| < w;1/252 and remedy this loss with the interpolated GNS estimates from

Proposition 3.5.1 with r = 4:

d¢LL
Jw- m(dLu, du) - 9;Lu|dvol < E, J (v™2ILLu| - |Lu| + |0, Lu| - |0ul) = > /2” dvol
Xt Yt
ST 2Rl YA EVA E3A
and the proposition follows. ]

Using (3.5.5), we have as an immediate corollary of Propositions 3.6.2 and 3.6.4 the

following a priori estimates:
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Corollary 3.6.5.
1
Eo(t1)? - Eg(0)? s | v 3E3ES dr (3.6.11)

J
70
71

Ei(t1)?—Ei(t0)® s | v ¥2E2E,) + v 3E2ES dr (3.6.12)

J
70

1
Er(11)? - Ea(10)* < Jr‘lﬁliz(il +Ey)+ 7Y 2ES (Ep + BBy + E]) (3.6.13)
70

TR r TRyt Ry B dr (3.6.14)
These estimates imply the following bootstrap estimate.
Proposition 3.6.6. Assume that the initial data satisfy
Esr(2)<e (3.6.15)
and that for some Ty, > 2 the bootstrap assumptions

Eo(t) <o

Ei(T) <0 (3.6.16)

Eo(7) < 677

hold for all T € [2, 05| and some 6 <1, y < 1. Then there exists a constant C depending only

on y such that the improved estimates

Eo(T) < e+ C%?2

Eq(1) < e+ Co¥? (3.6.17)

Eo(T) < e+ Co¥ 27

hold for all T € [2, Tyax]-
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Proof. Improving the estimate for k¢ follows from (3.6.11) after noting that
T T (o]

JG‘3EO(G)2 Ep(0)? do < 64J0_3+27’ do < 64f0_3+27 do < C8°.

2 2 2
Similarly, the estimate for £ follows from (3.6.12) because 03247 is integrable for o €
[2,0) provided that y < 1/2.

We begin to improve the bootstrap £, by controlling the first two terms in the right

hand side of (3.6.13), which are bounded by

T
53J0_1+27 do < C837%.
2

The rest of the terms are all bounded by
(o)
63J0"_3/2+37/ do < C6°1%,
2

provided that y < 1/2. We now consider y fixed once and for all. O]

As a consequence of the improved estimates, if we choose 6 < (4C)™1/2 and then e <

0/4, we we conclude

In this case the global existence part of Theorem 3.6.1 follows by a continuity argument,
and the decay estimates follow from an application of the pointwise estimates of Propo-

sition 3.5.1 and these energy bounds.

3.7 Global stability in the setting of SL

In this last section we use the tools from Section ?? to prove stability of the totally

geodesic background ¢y o ¢g in the case that the target has positive curvature, i.e. (3.4.15)
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and (3.4.16). With the notations introduced in the previous section, we reduce our atten-

tion to

Omt’ = 20,0 1 i) + (i) + it - m(du, du) + (0)? - 9_1u, (37.1)

O’ —u' = —Zuiaxlul +(i7)% + - m(du, du) + (i7)? - dam, i=2,..,n
With d ) replaced by d; on the right hand side, the system above is the same with the

negative curvature case (3.6.1). Employing

) i
9 =1pi —xTat, (3.7.2)

xi = n
what we can prove is:

Theorem 3.7.1. Under the same assumptions, the results of Theorem 3.6.1 also apply to the

system (3.7.1).

Proof. It suffices to obtain similar estimates as those in Propositions 3.6.2 and 3.6.4, then
the theorem 3.7.1 follows similarly from Corollary 3.6.5 and Proposition 3.6.6. We first

deal with the quadratic terms. We decompose from (3.7.2) the quadratic terms into two
parts, i.e. Q(m) = Qq(m)+ Qy(m) with
Q1(m) & j 209 (@, Lhid) 9, L% — 2(L2(irt L1 ut), 9, L%iT)|dvol s
Yt
Qo (m) def j [—2L“ <LT, 1yl 8t17> o L%ul + 2<L0‘(17t_1x1 dsul), 0;L% 17>] dvoly,
Er
for an m-tuple a with entries in {1,2,3}. The Q; term has the same structure with the
quadratic nonlinearities for the negative curvature case presented in previous section,

Ix!. In particular, the top order terms can

with the introduction of the factor t~1x! = w;
be canceled. As we will see, the boosts Li acting on 1yl only contribute lower order

terms because of (2.1.8).
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On the other hand, the top order of Q;(m) can not be cancelled but we can utilize the

extra decay of t~1. We claim the quadratic terms can be bounded as

-3/2 2 : _ .
|Q(m)| < P (Ea0En()?), m =01 (3.7.3)
T E (D) (1)2 + 17265 (1)3,  ifm=2.

Besides the inequality wy! < 77!

, we shall also use the identity ¢+ = w; on the surface
Y ;. As Qj can be dealt with in the same way as Proposition (3.6.2), we only provide the
proof for Q(m). The case m = 0 is straightforward as we control i using the pointwise
estimates of Proposition 3.5.1 and the rest of the vectors using Holder’s inequality. For
the case m = 1 we need to estimate
f (w;1|u7|2 +wg |if]|LLul| + |L“(t_1)||17||Lu|) |0 Luldvoly_. (3.7.4)
Yt

Choosing the weights appropriately and applying Hélder’s inequality imply
Jw;1|Lﬁ|2|atLu|dvolzT < 1_3/252(1)_[ wy/2|Lit|wy /%9 Luldvoly,,
Tr Xr
s TR (0 (1)
Here we also bounded L*®-norm of Lif through Proposition 3.5.1. With a use of the defi-

nition of L’ we have

which on the surface ¥, admits an upper bound w;!, and hence implies
f|L"‘(t_1)||1Z’||Lu||8tLu|dvolzT <1t 32E,(1) f wr?|Lulw;?|9; Luldvoly
Xt Xt
S T2 Ep()E (1),
Here we also applied the L*-bound of i/ in Proposition 3.5.1. In a similar way the second
term in (3.7.4) admits the same upper bound which furthermore implies (3.7.3) for m = 1.
It remains to establish (3.7.3) for m = 2, in which case Q1 (m) can be bounded by

J‘wgl (IiZ|ILLLu| + |LLiZ||Lu| + |Li||LLu|) |0; LLu|dvoly _+ lo.t,
Xr
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where the lower order terms are those that show up when L acts on ¢t~ ! resulting
IL¥( ) <! (3.7.5)

for any m-tuple a. It suffices to bound the top order terms. Bounding L*-norm of i with
the aid of Proposition 3.5.1 implies the first term can be bounded by
J wy ! |#||LLLul|9;LLu| dvoly,, <7 >2Ey(7) J weY2|LLLulw;"/?9;LLu| dvoly,,
r i
< T_3/2E2(T)3.
The last two terms can be dealt with by using the interpolation Sobolev inequalities in
Proposition 3.5.1. In particular, the second term can be bounded as
Jw;l |LLi7||Lul|d;LLuldvoly,_ <77} J|LL1?|w$/ 3| LulwY %19, LLulw; "2 dvoly.,
Xt Xr

1>
<t i)l ull.. oiu
<t ||W2,3|| Il.< 1,61l ull

2
1 Wy

W2
ST E(0E(T).
In a similar manner, the third term admits upper bound
jw;l IL@||LLul|d;LLuldvoly_ <! f|w|wi/ 3|LLulwy ®|0;LLulws"? dvoly |
Xt Xt
ST EI(T)E2(0)%,
which competes the proof of Claim (3.7.3).
The cubic terms can be dealt with similarly. In particular, the cubic terms in (3.7.1)
by employing (3.7.2) can be decomposed into two parts, writing as C(m) = Cy(m) + Co(m)

with
Cy(m) = JL“ |[(@)? -t L u]- 9, L% udvoly ;

Co(m) = j LY[(@)? + i@ m(du, du) + (i) -+~ x' Oyu] - ;L udvoly .
S

for an m-tuple a with entries in {1, 2, 3}. Again the second term C;(m) admit similar struc-

ture of cubic terms for the negative case and hence has the same bound as in Proposition
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1 1,1

3.6.4. Here we recall L' acting on t1x!, or wz'x! on X, only contribute lower order
terms by (2.1.8). The first item C; can be dealt with by utilizing the extra decay of +.

We claim
-3 2 2 ; — .
T 7R (T)Em(T)%, ifm=0,1;
IC1(m)| < (3.7.6)
T 25, (1)3E (1) + T3 EL(T)4, if m=2.
For m = 0, the estimate above is a direct result of L* bound of i7 in Proposition 3.5.1 and

Holder’s inequality. For m = 1, utilizing (3.7.5) and t = w; on X, we need estimate

[ (wahaea + @RIl + Pl L dvors.
Xr

We bound the L®-norm of Lu and i as in Proposition 3.5.1, apply wz! < t~! and dis-

tribute the weight appropriately, arriving at an upper bound:

T_3E,% J (w%/ZleTl + wgl/zlLLul + wgl/ZlLul)w{l/zlatLuldvol);T .
Er

Applying Holder’s inequality implies the estimate for m = 1 in (3.7.6). Lastly, for m = 2
we need bound

Jw;l (ILL&||i7||Lu| + |LiZ|*|Lu| + |i7|*|LLLul)|9; LLu| dvoly,, +Lo.t.

Xt

Utilizing L* bound of it and Lu in Proposition 3.5.1 and w;! < t~! yields an upper bound

T_ZE% f (w}l/zlLLul + w%/ZlLtfl + T_lwzl/zlLLLul)w?l/zlé’tLLul dvoly,_ +Lo.t.
Xt

Then (3.7.6) for the case m = 2 follows directly by Holder’s inequality. O

114



CHAPTER 4

THE MEMBRANE EQUATION

4.1 Introduction

Let M be a connected oriented (d + 1)-manifold which is immersed in! R 1+ through
themap®: M — R4 The immersion @ is assumed to be timelike, in that the pullback
metric g ' ®*m on M is Lorentzian. A relativistic membrane shall refer to the image ®(M)

provided that any of the following equivalent conditions hold:

 the map @ is a formal critical point to the volume functional

SV [ dvol(W*m);
J

* the induced mean curvature vector H vanishes identically;

* the components of @ satisfy the equation
Og(xF o @) =0,
where O, is the Laplace-Beltrami operator on (M, g).

The assumption that @ is an immersion implies that one can, locally, describe the
membrane ®(M) as a graph (t,xl,...,xd,(p(t,xl,...,xd)). In this coordinate system the

equations of motion Dg(xf‘ o @) = 0 take the divergence form

) aiﬂ[ m’ ové ]:0. (4.1.1)
v Y1+m(dg,do)

IWe clarify that R11+4 is the Minkowski space with one time dimension and (d+1)-space
dimensions.
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This equation is variously known as the membrane equation, the timelike minimal/maximal
surface equation, or the Lorentzian vanishing mean curvature flow. This is due to the inter-
pretation that the graph of ¢ in RV x R = R+ is an embedded timelike hypersurface
with zero mean curvature.

Solutions to (4.1.1) model extended test objects (world sheets), in the sense that the
case where d = 0 reduces to the geodesic equation which models the motion of a test par-
ticle in R1'!. (The membrane equation can also be formulated with codimension greater
than one; see [AAI06, Mil08].) The membranes can also interact with external forces
which manifests as a prescription of the mean curvature; see [AC79,Hop13,Kib76,VS94|
for some discussion of the physics surrounding such objects, and see [Jer11, Neu90] for
rigorous justifications that membranes represent extended particles.

Our interest in the membrane equation arose, however, mainly due to it being an
exceptional model of a quasilinear wave equation that is highly non-resonant. The ex-
ploration of resonant conditions in wave equations proceeded, historically, through two
fronts. In the case of 1 spatial dimension, it has long been understood that hyperbolic sys-
tems with resonance (Lax’s “genuinely nonlinear condition”) lead to shock formation in
finite time [Lax64,Lax73,Joh74]. For higher spatial dimensions, in the small-data regime,
resonance has to compete with the dispersive decay enjoyed by wave equations. By now
it is well understood that quasilinear wave equations enjoy small-data global existence in
dimension d > 4, and also in dimensions d = 2,3 when versions of Klainerman’s null con-
dition are satisfied [Kla80, Kla82, Kla84, Ali0la, Ali01b]. More recently the two fronts
have met, where small-data shock formation for resonant quasilinear wave equations
have been studied in spatial dimensions 2 and 3 [AliOla, Ali0O1b, Chr07, Spel6, LS18].
For a recent review of the current understanding of small-data global existence versus
shock formation in quasilinear waves, please see [HKSW16].

In a recent paper, Speck, Holzegel, Luk, and Wong studied the stability of plane-

symmetric shock formation for quasilinear wave equations with resonance, under initial
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data perturbations that breaks the plane-symmetry [SHLW16]. More precisely, they start
with a background simple-plane-symmetric solution to a quasilinear wave equation that
is genuinely nonlinear, such that it forms a shock singularity in finite time. Such back-
ground solutions can be extracted from, for example, the late-time evolution of any small
compactly supported initial data; we however allow our background solution to be of
arbitrary “size”. We were able to show that the shock formation is stable under arbitrary
initial data perturbations that breaks the simple-plane-symmetry, provided that the per-
turbation is small compared to the background solution.

A natural follow-up question is: when genuine nonlinearity fails, in particular when there
exists simple-plane-symmetric global solutions to the quasilinear wave equation, is the global
existence stable under small, symmetry-breaking initial data perturbations?

Returning to the membrane equation, we note that the equation is highly non-resonant.
It satisfies a stronger null condition than is typical of quasilinear waves in 2 or 3 dimen-
sions. This was explicitly exploited to show global well-posedness of the small-data prob-
lem first by Brendle [Bre02] when d = 3 and then by Lindblad [Lin04]ind =2 and d = 1.
The d =1 case is surprising as, there being no dispersive decay for the one-dimensional
wave, any resonance, even arbitrarily high order, can lead to finite-time blow-up. Wong
explored this case in more detail geometrically [Won17b] and enlarged the class of initial
data for which global existence holds.

Our focus on the membrane equation in this chapter then is due to the fact that (i)
as a consequence of [Lin04] and [Won17b], there exists robust families of global plane-
symmetric solutions to the membrane equation, and (ii) the null geometry of such solu-
tions are well understood by the analyses of [Won17b]. We remark that, while not explic-
itly stated, following the same method of proof of the main theorem in [Won17b], one
can show that the global simple planewave solutions described below in Section 4.2.1 are
automatically stable under plane-symmetric perturbations that are not necessarily simple.

We state and prove our main result in dimension d = 3; as described in the previous
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paragraph, the result is effectively known in d = 1. Our proof also works in all dimensions
d > 3 thanks to the improved dispersive decay of solutions to the linear wave equation
in higher spatial dimensions. Our proof however doesn’t work in d = 2 due to certain
technical losses of decay (see Remark 4.5.1 below). In [LZ19] the authors were able to
prove a similar result in d = 2 with weaker asymptotic control; see Remark 4.1.4 for
further discussion.

One should note, at this juncture, that the non-resonance of the membrane equation
is only effective at preventing a certain type of singularity formation. Indeed, far away
from the nearly-simple-planewave regime that we consider in the present chapter, singu-
larities are known to arise from regular initial data. In the case where d = 1 these were
analyzed by Nguyen and Tian [NT13] and Jerrard, Novaga, and Orlandi [JNO15]; while
their analyses concentrate on the case with spatially periodic domain, by finite speed of
propagation the same singularity formation can be localized and placed in our context.
Analogues of [NT13,JNO15] in higher spatial dimensional backgrounds were studied by
Wong in [Won18b]. In these cases the singularities are not of shock-type, but rather ap-

pear due to the degeneration of the principal symbol of the evolution.

4.1.1 Our main result and discussions

The answer to the question asked in the previous section is in the affirmative: we show
that simple-planewave solutions to the membrane equation are stable under small initial
data perturbations. The precise version of our main theorem is Theorem 4.5.8; there we
state the result as a small-data global existence result for the corresponding perturbation
equations, after a nonlinear change of independent variables that corresponds to a gauge

choice. Here we state a slightly less precise version in terms of the original variables.

Theorem 4.1.1. Fix the dimension d = 3. Let Y denote a smooth simple-plane-symmetric
solution to (4.1.1) with finite extent in its direction of travel. Fix a bounded set Q) c R3.

There exists some €y > 0 depending on the background Y and the domain 3, such that for
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any (o, 1) € (H>(R?) N CF(Q)) x (HHR3) N CF(Q)) with [|(o, Y1)l < €o, the initial value

problem to (4.1.1) with initial data
$(0,x) =Y(0,x) + o(x),  dsp(0,x) = IV (0, x) + h1(x)
has a global solution that converges in C*(R3) to Y as t — *co.

Remark 4.1.2 (Finite extent in the direction of travel). We ask that Y essentially represent
a travelling “pulse”. For example, taking plane-symmetry to mean constant in the x* and

3 variables, Y would be a function of t = x? and x! alone. We ask that for any fixed t the

X
function Y vanishes for all sufficiently large x!. We make heavy use of this finite extent

property in the course of the proof (see Lemma 4.3.13).

Remark 4.1.3 (Simplicity). By a simple planewave solution we refer to a solution that
is not only constant in the x? and x3 variables, but one such that the differential dY is
null with respect to the dynamic metric. In other words, a simple planewave solution is
one that propagates along only one (and not both) of the characteristic directions of the
nonlinear wave equation.

The assumption of simplicity is only to keep the argument simple (pun intended). In
fact, assuming finite extent of the initial data for the plane-symmetric background, auto-
matically by the sharp Huygen’s principle for one dimensional waves, after a finite-length
of time the background will decouple into two spatially disjoint simple planewaves trav-
elling in opposite directions. By Cauchy stability of the finite-time initial value problem,
we see that the theorem for the simple planewave background also implies the theorem
for general, globally existing plane-symmetric backgrounds such as those demonstrated
to exist in [Lin04, Won17b].

We note here, however, that another feature of simplicity is that simple-planewave
solutions exist for arbitrary pulse profile (see Section 4.2.1 below). The same is not the
case for non-simple planewave solutions: large interacting waves can form finite-time

singularities.
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Remark 4.1.4 (Dimensionality). The theorem above is stated for d = 3. The same ar-
guments can be used to prove stability for all dimensions d > 3 (in fact the arguments
can be significantly further simplified when 4 > 5). One needs to modify the degree of
regularity required. When d = 3 the data is taken to be small in HX x H*=1 with k = 5.
When d > 4 is even we will need k = d + 3, and when d > 5 is odd we will need k =d + 2.
Compare to the discussion in Section 4.4 below.

As mentioned before in this introduction, the d = 1 analogue of the result essentially
follows from the arguments in [Won17b]. This leaves the case d = 2, which received at-
tention from Liu and Zhou [LZ19]. Aside from minor technical differences in how we
approach the energy and pointwise estimates, a difference appears in how we linearize
around the background solution. In the present chapter we use the geometric normal
graphical gauge (see below) adapted to the background traveling wave, while in [LZ19]
they used the gauge adapted to the trivial solution. Our gauge has the advantage that the
perturbation equations contain no linear potential from the background; the price paid
being the appearance of nonlinear contributions of lower order whose null structure are
less apparent. In [LZ19], they were so far able to show global existence for the pertur-
bation equations but only C? (and not C!) convergence to the background. The lack of
higher-derivative convergence can be attributed, at least in part, to their gauge choice.
Based on our own work we have high hopes that in fact C? convergence can be proven
to hold, though at present there are some technical difficulties for even showing global

existence using a direct extension of our method; see also Remark 4.5.1.

Our main theorem is not a straight-forward small-data global existence result for a
quasilinear wave equation. The equations satisfied by the perturbations around large
solutions generally include coefficients contributed by background, the effects of which
must also be captured. In our problem, to leading order the perturbation equation looks
like

Om® + Y (94 + 0 1)>p +Y" (9 + 9 1)* = 0. (4.1.2)
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Here Oy, is the flat wave operator, and the background pulse is assumed to be travelling
in the +x! direction, so has compact support in the (¢ —x!) variable.

The first thing to notice is that the linearized equation is the linear wave equation on
Minkowski space. This is a special geometric feature of simple-travelling wave solutions
to the membrane equation. To expose this special linear structure, one needs to make
an appropriate gauge choice involving a nonlinear change of variables adapted to the
background Y, which essentially re-writes our perturbation equations as a graph in the
normal bundle of Y, interpreted as a submanifold of R¥!*4. It is well-known that the
membrane equation has good structure in such “normal graphical gauge”: in this formu-
lation the linearized equation can be expressed as the geometric wave operator adapted
to the induced Lorentzian metric on the background Y, plus possibly a potential term.
This gauge was also used, for example, in [DKSW16].

In view of this special geometric feature, we do not need to develop special methods to
perform the linear analysis. On the other hand, the function Y is non-decaying and has
support within the “wave zone”; this significantly complicates the analysis of the nonlin-
ear terms, especially since these nonlinearities are not in the shape of classical null forms.
This is in contrast with the analyses in [DKSW16] where the stability of another “large
data” solution to the membrane equation was considered. The background solution in
that case is the static catenoid solution. The nontrivial catenoid background introduced
a low-frequency correction to the linear evolution (in fact giving an exponentially grow-
ing mode). But as the background is asymptotically flat, the high-frequency evolution,
especially in the wave-zone where it is the most delicate when it comes to the nonlinear
interactions, is entirely captured by classical null structures. In particular the nonlin-
earities do not introduce new difficulties beyond the adjustments made for the modified
linear evolution. Another difference with our work and [DKSW16] is that they prove that
the catenoid is globally stable under axially symmetric codimension one initial perturba-

tions, whereas we prove that our planewave solution is globally stable under an open set
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of symmetry breaking perturbations. Their symmetry assumptions on the perturbations
are there to avoid the issue of trapped geodesics on the catenoid.

In the present chapter, on the other hand, the focus is entirely on the nonlinearity, with
the main difficulty arising precisely from the non-decaying background Y”. At this point
it may be worth drawing comparison to another large-data (semi-)global existence result
for the membrane equation. In [WW17], the authors studied the membrane equation
with initial data given as a small perturbation of an out-going “short-pulse”. The (semi-
)global existence (note that by their choice of initial data, the result in [WW17] is not
time-symmetric!) mechanism in this case is essentially still the classical null condition of
Klainerman. The strong non-resonance condition of the membrane equation means that
the “large” short-pulse background does not interact with itself; and in fact the pulse
itself decays like the solution to the linear wave equation. Putting this together with
the fact that the nonlinearities in (4.1.1) are cubic, this means that heuristically we can
understand the result of [WW17] as very similar to the large data stability result for
the wave maps system proven in [Sid89], which also required the “background geodesic
solution” to be one with finite (weighted) energy, and hence decays like finite energy
solutions to the linear wave equation. These types of systems can be modeled by the

quasilinear system

Dm¢1 = 0,

Om 2 = m(Vipy, Vin(Vpy, Vipy)) + m(Vipp, Vin(Vipy, Vipy)).

Even when 1) is a “large” solution, it contributes enough decay that the nonlinearities for
the second equation decay at an integrable rate. Together with the fact that the nonlin-
earity is quadratic in 15, we can upgrade the smallness and close the bootstrap. Note that
the decay of ¢ is crucial, as, in the second term of the nonlinearity we see components
like
(94 + 9p) 201 - (Osthy — 0, 107)?
t+0r) 1 (0ihr = drh2)”.
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This is a resonant interaction in 1, whose contribution is significantly ameliorated by
the fact that (d; + 8,)2¢1 should decay like ¢=3/2 (or better) in R"3 or 7! (or better) in
RY2. If we were to replace the 1 factor by a generic bounded function in R!3 (or a
function decaying no faster than 1/v/f in R1?) this term will lead to finite-time blow-up.

Returning to our equation (4.1.2), we see that we have precisely this type of resonant
interaction with a non-decaying coefficient. Instead of coefficient decay, we need to ex-
ploit a different aspect of the null structure of the original membrane equation (4.1.1).
What we will use is the fact that Y has compact support in the (¢ —x!) variable. The res-
onant interacting terms (d;¢ + d_1 ¢) represent waves traveling in directions transverse?
to the level sets of t — x!. In particular, we expect that the resonant interaction to only
take place for a bounded length of time (for each wave packet). Our main mechanism
would therefore be something similar to that which drives Shatah’s space-time resonance
arguments [Shal0], but captured in a purely physical space manner.

Of course, we have to pay a price for this non-decay. This manifests in us having to
use a polynomially-growing energy hierarchy when using the vector field method. In
fact, our higher order energies, starting with the second (controlling the third derivatives
in L?), will grow in time, with each additional order differentiation growing one order
faster in time. One should compare to classical applications of the vector field method
where all but the top-order energies are bounded in time, with the top-order typically
exhibiting no worse than a log growth. The upshot of this energy hierarchy is that we lose

strong peeling properties of the solutions. (See Remark 4.5.9.)

4.1.2 Outline of the chapter

The remainder of this chapter is organized as follows: we first discuss the background

planewave solutions Y. These solutions are introduced in Section 4.2.1. Their basic ge-

’In (1 + 1)-dimensions, the linear wave equation can be expressed as (J; — d.1)(drp +
d 1) =0, and since (d; - d,1)(t —x1) =2, one sees that d,¢ + d_1¢ is a bonafide traveling
wave transverse to the level sets of ¢ —x!.
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ometric properties and our gauge choice for studying the perturbations are described in
Section 4.2.2.

We next discuss the basic analytic tools used in our arguments; in Section 4.3.1 we re-
call the global Sobolev inequalities of Chapter 2 adapted to the geometry of the planewave
background, in Section 4.3.2 we develop a weighted vector field algebra to help simplify
our analyses of the nonlinear terms using more schematic notations.

In Section 4.4 we study the semilinear model problem O, ¢ = Y”(aﬂcj))z, obtained
from dropping the quasilinearity from (4.1.2). This model problem turns out to capture
already the majority of the difficulty one faces when analyzing the full problem. We prove
small-data global wellposedness for the semilinear model in all dimensions > 3. There are
certain additional technical difficulties for studying the quasilinear model (4.1.2)ind =2
due to the fact one expects even the first order energy exhibits polynomial growth there,
and the loss seems too strong to overcome with the methods described in this chapter;
therefore we also omit a detailed treatment of the d = 2 semilinear model.

The remainder of the chapter is devoted to studying the full quasilinear problem in
d = 3, and stating and proving a more precise version of Theorem 4.1.1. In Section 4.5 we
perform first some preliminary computations casting the equations for the perturbation
¢ and its higher order derivatives in schematic form to prepare for analysis. As many of
the computations are long and involved, we delegate sketches of the arguments separately
to the Appendix. At the end of the section we state our Main Theorem 4.5.8. As usual,
we will prove our Main Theorem by a bootstrap argument for our energy hierarchy. In
Section 4.6 we define our energy quantities, outline our main energy estimate, state our
bootstrap assumptions, and derive some immediate consequences that do not involve the
equations of motion. Section 4.7 is devoted to proving a priori estimates for our equations
of motion, based on the bootstrap assumptions. These are combined in Section 4.8 to
show that the bootstrap assumptions can be improved, and thereby hold for all time and

global existence follows.
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4.2 The background solution

In this section we first exhibit simple planewave solutions to the membrane equation,
and describe their geometry. These solutions are traveling waves and exist for all time;
our goal is to analyze their stability under small non-plane-symmetric perturbations. To
do so we recast the stability problem as a small-data Cauchy problem for the perturba-
tion. In the second part of this section we exploit the geometric interpretation of the
solutions as minimal submanifolds of higher dimensional Minkowski space to make a
convenient choice of gauge, and derive the corresponding perturbation equations. The
gauge choice allows us to simplify the analysis of the linearized dynamics. As the mem-
brane equation itself is a quasilinear wave equation, when linearizing around a fixed
nontrivial background solution, typically the background contributes to the linearized
dynamics (e.g. in [DKSW16] where the background contributes a potential term leading
to generic instability of the system). For the membrane equation in Minkowski space,
however, it is known [CB76] that the potential term in the linearized dynamics for per-
turbations parametrized by the normal bundle is given by the double contraction of the
extrinsic curvature of the embedding of the background solution. For simple planewaves,
this potential term vanishes [Won17b]. The gauge choice below makes this explicit and
shows that the perturbed system can be described by a quasilinear perturbation of the lin-
ear wave equation on Minkowski space, with the background solution only appearing as

coefficients of the nonlinearity.
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4.2.1 Simple planewave solutions to the membrane equation

Let Y € C®(IR;R) be arbitrary. One easily sees that the function ¢ : R'*? — R defined

by3

dt,xt, %%, x%) =Y (t+x1) (4.2.1)
solves (4.1.1), seeing as d(f;(t,xl,...) = Y’(t +x!) d(t + x!) and hence m(d(ﬁ,d(ﬁ) =0 and
mHY 8’2”({3 = 0. The simple planewave background will be interpreted as the graph of ¢ in
R4+1 the (d + 2)-dimensional Minkowski space equipped with the standard Minkowski

metric M. That is to say, we consider the embedding R+ s RLA+L given by
(t,xl,...,xd) — (t,xl,...,xd,(j;(t,x))

with the first component fixed as the timelike one. The m(d¢,d¢) = —1 implies that the
induced metric on the graph of ¢ is Lorentzian and non-degenerate. By the analysis
of [Won17b] this induced metric is flat; this fact can also be seen through the following
explicit computations.

Denoting the above embedding by @, the induced metric can be in fact given by the

line element

O*M =ds® = (-1 +(9;h)?) dt* + 20,40 _1 p dtdx! + (1 + (9, 1)) d(x})?

+d(x%)% + - +d(x%)>

Using that d(t,x) = d 1¢(t,x) =Y'(t+ x1), we see that if we define

(4.2.2)
Edéf%[t—xl ~ (2 (r) de;

3We’ve made the choice to have our background travelling waves move “to the left”,
i.e. as a function of ¢+ x!. Note that for the analyses in [SHLW16] the simple waves move
“to the right”. We beg those readers familiar with the previous work to indulge us and
mentally reorient the space-time and relabel the function u as needed.
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that the line element can be alternatively written as the Minkowski metric in standard

double-null form

m=ds? =-2dudu+d(x?)%+---+d(x%)% (4.2.3)

The functions u and u solve the eikonal equation m(Vu,Vu) = m(Vu,Vu) = 0. For the

subsequent analyses we will parametrize using the coordinates {u, u,x?,... , x4},

Remark 4.2.1. Note that there are two Minkowski metrics involved in the construc-
tion: (1) The metric on the ambient space R1"¥*!, which is denoted by M. (2) The in-
duced Minkowski metric on the planewave background given by double-null coordinates

(u,u,x) e R4, denoted by m.
For completeness, we note that the change of variables can be inverted:

t=Lut+u+l('r)2(r)dr,
ezl (4.2.4)

xl=du—u-1 [ () dr.

For convenience, we note that relative to this coordinate system, our simple planewave

solution is given by the embedding
(u,u,%) — (t,x1, % Y (1)) € Rb4+1 (4.2.5)

where t and x! are given as functions of u, u by (4.2.4), and for convenience we denote by
2=(x2,...,x%).

We finish this subsection by computing the extrinsic curvature (second fundamental
form) of the embedding (4.2.5). The change of variables (4.2.4) implies that the vector

fields
9y =(1,-1,0,...,0), 9= (%(1 +Y(1)?), %(1 =Y ()%),0,...,0,Y" (1))

Denote by n: R4 — R4+ the unit normal vector field (with respect to the Minkowski

metric on RV¥*1) of the embedding (4.2.5) given by
n(u,u,%) = (=131 ="Y"(u), Y'(1),0,...,0,-1). (4.2.6)
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The expression (4.2.6) can be computed from

n® = (M) (0u)P(91)7(9,2)72 (2 g-1)7d-1,

€,B,Y,02,..,04_1

where a,x,8,7,02,...,04-1 €{0,1,...,d—1} and €x,B,7, is the anti-symmetric sym-

Gz,...,O’d+1
bol normalized by €17 . 4-1 = 1. The second fundamental form can then be computed

to equal

1= (-1 17" (1) du?. (4.2.7)
(We use the convention II(d,,d,) = (d,n,d,)p.) Notice that II is indeed trace-free with
respect to the induced metric as a consequence of and additionally the double contraction
I1: II with respect to the induced metric also vanishes, both a consequence of the eikonal

equation.

4.2.2 The gauge choice and the perturbed system

Small perturbations of the embedding (4.2.5) reside within a tubular neighborhood of
the background. We parametrize the perturbations as a graph within the normal bundle,

analogously to the analysis in [DKSW16]; that is, we look for embeddings of the form

(u,u,x) — (t,xl,aﬁ,T(u)) +¢(u,u, %) n(u,u,x) (4.2.8)

where ¢ : R+ — R is the height of the graph, and # is the unit normal as defined in
(4.2.6). The induced metric for this perturbation will be denoted by g; it is given by the

pull-back of the Minkowski metric M on R"4*1 by the embedding (4.2.8)
g=m+dp®dp-2¢Y" du®du. (4.2.9)
Its corresponding volume element can be computed to be

dvolg = /g dududs

where

18l € 1+ m(Ve, V) + 207" (9, ). (4.2.10)
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We note that g is a perturbation of the Minkowski metric m with terms both quadratic and
linear in ¢. For later computations it is helpful to also record the perturbations truncated

to the linear terms, which we will denote by ¢

§ ¥ m-2¢Y" du®du. (4.2.11)

The inverses of ¢ and ¢ can be computed explicitly in the double null (relative to m)

coordinates (u, u, x). For go one finds
o—1 _ -1 7
g =m +2¢Y" d,®dy. (4.2.12)

Note that this implies
gl=1+¢ 1V, V). (4.2.13)

Using that ¢ = ¢+d¢®d¢, we can apply the Sherman-Morrison formula [SM50] to obtain

— o ]- (o) (o)
g =g (8 09)e (e -09). (4.2.14)

Notation 4.2.2 (Index raising and lowering). In the computations to follow, one fre-
[¢]

quently needs to lower or raise indices with respect to any of ¢ / g71, ¢/ g7!, or m /

m~!. We will adopt the following conventions

 The unadorned musical operators b / § are used for lowering and raising indices
with respect to the Minkowski metric m of the background simple-planewave solu-

tion.

« Implicitly lowered / raised indices are always with the Minkowski metric m, so 9/ ¢

refers to m/Xdy.¢.

* When it is clear from the context, we will sometimes omit the index —1 denoting
inverses for brevity. For example, we write m(V¢, V¢) instead of m~!(V¢, V) since
V¢ are naturally covariant and so we will need the contravariant metric m~!. Simi-

larly, if we write g#¥d,, ¢ it should be interpreted as (g~1)*Yd,,¢.
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« Index manipulations with respect to the dynamical metrics ¢ and ¢ will always be

adorned. So for example we will write
p=¢"-09, =g 99
with corresponding index notation

g =ghop, 0y =go.

With the notation announced above, we can equivalently write

g_l = go_l — |;_|agoﬁ¢®8§ﬁ¢

For the embedding (4.2.8) to have vanishing mean curvature (i.e. satisfy the membrane
equation), it must be a formal stationary point of the volume functional ¢ fdvolg. The
perturbation equations satisfied by ¢ can be derived as the corresponding Euler-Lagrange

equations, as shown below.

Denoting by £ = \/|g_| = 41 +m(Vep, V) +2¢Y"(dy¢)? the Lagrangian density, the

corresponding Euler-Lagrange equation is

oL d (oL d [ oL d (oL

— =t ||+t 2.1

55~ 35 36 o) 52 e (212
where we use the subscript on ¢ to denote partial differentiation. Expanding m(V¢, V) =
~20,pdy P + (d2¢)* we compute

oL oL

Z=rY(¢,)? =L e
5[: -1 5[: -1 2
=L — =L - +2Y .

550 =L 0w s, =L o 2T 90,)

So the Euler-Lagrange equation reads
O”lva
aﬂ(g £V¢) = L7 ()2 (4.2.16)
Observe that by (4.2.14) we have
o8hp = Lofty,
8
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This implies that we can rewrite (4.2.16) as

Ogp =g Y (pu) % (4.2.17)

here O, refers to the Laplace-Beltrami operator of the metric g, given in local coordinates
by
Ogf = f 9(Vglg" 9y )
As the metric ¢ depends on the first jet of the unknown ¢, the principal part of the
(4.2.17) may be different from g””aﬁv({). For our equation, this turns out not to be an
issue, as can be seen when we take the first coordinate partial derivatives of (4.2.16).

With the aid of the relation (4.2.14) between g_1 and go_1 we obtain

98k g ( 98819, ¢ ) 8o, 198
919, 0, AP _ LD 8099 ha ).
( £ ] Y A B~ TR

Noticing that the derivatives d)¢ depends only on the first derivatives of ¢, and not the
second, we see that the principal term are all captured in the first term on the right in the
above identity.

We can simplify the identity further. Notice that
0,81 =0,(2¢Y") 9, ®9,

this implies

[aAg"ﬂvam 1984
all

o 21gP? 918° “9p¢8o¢] [M]

Ig|

o8tk 8t )
i a"[|g|1/(2p] FRAMC |g|1/(f9y(|g| DY) (Pug)?

¢l
—_——
|g|—l/2'r//(aﬂ¢)2
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So we conclude

12 ,
gl 2 @ Togd ¢ = 9, (12X (¢u)?)

., aﬂ[amw”)agqb

m ]+|g|—3/2r”aA<¢T”><ag¢>4

+|g|‘1/2agﬂﬂ¢aﬂ(éaﬂw”)(aﬂ(p)z, (4.2.18)
where we have introduced the conformal metric
_ __2

g=lgl d-1-¢ (4.2.19)

where d is, recall, the number of spatial dimensions. The conformal metric ¢ has its

Laplace-Beltrami operator as

D=

2 (1,
Ogf =812 d-19,| —=g"" o\ f

gl

which has the same principal part as Og.

Remark 4.2.3. Observe that (4.2.17) and (4.2.18) are geometric quasilinear wave equa-
tions that linearize to the linear wave equation on RV, The quadratic nonlinearities in-
clude, as can be seen, the resonant semilinear interaction ((92(1))2 as well as the weakly
resonant quasilinear interaction ({)(8fl_u o).

That we will be able to prove global existence for this equation (and not suffer from
shock formation in finite time) is due to the background Y” which accompanies the ap-
perance of such resonant terms, and localizes the resonant interactions to the region

1. one can think of Y” as 92, Y, exposing the null condition that was present in

I~ —x
the original membrane equation (4.1.1). However, as the background function Y has
non-compact (in the £ direction) support, and is non-decaying (in time), the improved
decay we obtain due to this space-time localization is weaker than in classical studies of
nonlinear waves with null condition. Such issues and their ramifications are discussed in

more detail in Section 4.4 where we examine a semilinear model that captures the main

analytical difficulties.
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4.3 Preliminary L? analysis

We will analyze (4.2.17) using the vector field method (VFM) adapted to hyperboloidal
foliations. As we saw in the analysis of the wave maps equation in Chapter 3, this variant
of the VEM allows us to derive a priori estimates using only the d;-multiplier (see the
discussion following (2.2.8)) and not the Morawetz K multiplier (see Remark 2.2.4). To
efficiently handle the coefficients Y” present in (4.2.17) using only the Lorentz boosts as
commutators, we will develop in the second part of this section a weighted vector field al-
gebra. The combination of these techniques will be first illustrated in a model semilinear

problem in Section 4.4, before we state and prove the main result of this chapter.

4.3.1 Global Sobolev estimates on the double-null coordinates

We begin by adapting the global Sobolev estimates of Chapter 2 to the gauge choice of

the perturbation ¢. More precisely, we record the estimates on hyperbolas in Minkowski

space as described by the double-null coordinate system (u,u,x) with the metric (4.2.3).
Consider the set 7+ % {u>0,u>0,2uu—|%*> > 0). This set corresponds to the interior

of the future light cone emanating from the origin in Minkowski space. On this set, we can

T €\ J2uu — %2 (4.3.1)

Notation 4.3.1. The level set of 7 will be denoted by ¥;. The Riemannian metric induced

define the time function

on ¥, by the Minkowski metric m will be denoted #,. The geometric metric g also induces
a symmetric bilinear form on ¥;, we will denote it by h;. When h; can in principle be

Lorentzian or degenerate, in our application it will turn out to be always Riemannian.

Remark 4.3.2. It is straightforward to check that (X, h;) as described above is isometric

to the hyperboloid defined in (2.1.1) equipped with the metric (2.1.4).
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We introduce also the hyperbolic radial function p within this forward light-cone Z*

by

def _1{u+tu
= cosh ) 4.3.2
P ( Vo ) ( )

We note that relative to the Minkowski metric, the unit normal to ¥; is given by (using
an abuse of notation)

—(dr)f = %(u&u +ud, +%-dz). (4.3.3)

Relative to the perturbed metric g, the unit normal to ¥, takes the form

_@ost | ([doF+ 2809, - g(dg, dr)oste 45.4)
Vs dal i _a@2g07 1 g1 [3(dgh, o) 2
We define the following vector fields:
T=—(2,+d,); (4.3.5)
50t
L' = ud, - udy; (4.3.6)
Li= %(u+g)9)ei +%ﬁf(au+a£), i=2...d (4.3.7)

It is straightforward to check that T is the future timelike vector field dy of Minkowski
space when expressed in the double-null coordinates. Similarly, L! in (4.3.6) —(4.3.7) are the
Lorentzian boosts x'd; + taxi when expressed in (u, u, X). Hence, these vector fields are all
Killing with respect to the Minkowski metric. Note that the Li (wherei=1,...,d) are also
all tangential to X;. If @ is an m-tuple with elements drawn from {1,...,d} (namely that

a=(ay,...,a,) with a; €{1,...,d}), we denote by L? the differential operator
fio LOmL%m=1...[F2[ %1 f

By |a| we refer to its length, namely m.

The global Sobolev inequality adapted to the double-null coordinates on ¥, reads:
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Theorem 4.3.3 (Global Sobolev inequality in double-null coordinates). Let £ € IR be fixed.

For any function f defined on I, we have, for any (u,u,X) € L%,
|f (w18, 2)% <40 15 cosh(pg)t 47 Z j cosh(p){|L% fI? dvoly,, .
< 1+1 Tq

The quantities Ty and pgy appearing on the right of the inequality are given as
TO = T(”lﬂr’e)l pO = p(u,g,f).

Proof. The estimate follows immediately from Theorem 2.1.1 when noting that the weight

W}d/ZJH,Z .

function wy (see (2.1.3)) in the weighted Sobolev space is exactly (u + u)/V2 in

the double-null coordinates. ]

Remark 4.3.4. Note that by the definition of the function p, the coefficient in Theorem

4.3.3 can be written as

d

1-d—¢
- 1-d-¢ _ €—1(” +E)
7, .

cosh(po) =T, NG

4.3.2 A weighted vector field algebra

In classical arguments using the vector field method, one typically commutes the equa-
tion with the generators of the Poincaré group, which consists of the
* translation vector fields d;, axi ;
« rotations x'd ; —x/d_;;
x] X

* Lorentz boosts td_; + x' 0.

These vector fields form, under the Lie bracket, an R-algebra.
In applying the Sobolev inequality of the previous section, we intend to only commute

with the Lorentz boosts L'. This subset does not form an R-algebra under the Lie bracket.
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However, they form an algebra with coefficients drawn from a space of weights. For

convenience, we introduce the y-coordinates

o_utu 1_ i _
y \/E’ y \/5’ y

Definition 4.3.5. We denote by W, the (commutative) ring of polynomial expressions in

1 d
the d + 1 variables {y—o,..., y—o, io}, with IR coefficients. This ring can be graded according
y yy

2 (i >2). (4.3.8)

to the degree of the LO term in the polynomial expression, we denote by W); the corre-
y
sponding set of homogeneous elements.

Remark 4.3.6. By way of clarification and for example, we will have that the expression

1 2 .4
2= e Wy, while (£)5(Z5) (%) € Ws.
3}0 0 (yo) (}10)(310) 5

Remark 4.3.7. Notice that within the light cone Z%, we have that the functions (for all

i=1,...,d) .
yl
—|<1
2
are uniformly bounded.
Now, observe that for i,j € {1,...,d},
1 1,2 y! 1y
T(=)=-(—=), (&)= ——. 2,
ly_ 1 9 qvVy_ vy
L(5)=-%"p L'(%5) =01~ 25 25
Y vy Y vy
Furthermore,
[L',T] = —iOLi + y—;T, (L}, L] = y—;Lj - y—;Li.
v Y v Y

Together these implies that the set of vector fields of the form coT+)_ ciLi where the ¢, are
taken from W), form not only an R-Lie algebra, but also an algebra over the ring W,, with
multiplication being the Lie bracket. We will denote this algebra by A,. The following

proposition follows immediately from the computations above.
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Proposition 4.3.8. For i € Z,, define

d d
d ; i
Ro il ZC]‘L] | cj € Wy e, Ri=1coT + ZC]'L] | coe W;_q, ¢j € Ww;

Then R, is graded, with LieRg, and T € Ay. In particular, given elements X, € N, Xy € Ry,
and f € W, we have that

[Xa, Xp] € Raspr  [Xa € Rase
Remark 4.3.9. We remark that we also have the following commutator relation
[LL,[L,T]]=6;;T € Ay
as expected.

Using A, we can build an algebra of differential operators which we label by 1;”.
Consider terms of the form

Fxix2x3.. . xk (4.3.9)

where f € W, and X% € {Li,T}. They are differential operators that act on functions
defined on Z% in the usual way. Using the computations above we see that terms of such
form are closed under composition of differential operators. Hence we define B.” as
the set of finite sums of terms of the form (4.3.9), with addition defined normally and
composition as multiplication; B, is obviously a W,-module.

In exactly the same way as A, the algebra 1, is graded. We will use its lower index

to record this grading.

Definition 4.3.10. The weight of a term of the form (4.3.9), where f is a monomial, is
defined by the number of times T appears among the X%, plus the number of times 1/y°
appears in the monomial f. The degree of a term of the form (4.3.9) is defined as the
number k. The T-degree of a term of the form (4.3.9) is the number of times T appears
among the X%. By ISI;}S we refer to the set of finite sums in ;" of elements with weight

w and degree at most k, and T-degree at most s.
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Remark 4.3.11. The set Bﬁ,’s is well-defined due to Proposition 4.3.8. One needs to
check that, for example, fX!X? and fX?X! + f[X!,X?], which are equal as differential
operators, have the same degrees and weight. Proposition 4.3.8 implies that for X% €
{Li,T}, the terms making up [Xl,Xz] always have the same weight as X1X?, and with

same or lower T-degree.

For example, given any m-tuple a, the operator L% € 356”’0, while we can identify
W, = B2V The set A, are the set of degree (exactly) 1 elements in 1. The following

proposition follows immediately from the definition and Proposition 4.3.8.
) J/
Proposition 4.3.12. IfA e Bﬁ,’s, and B e BZ;S , then
k+k’,s+s”
1. ABe Bw+w, ;

k+k’—1,5+s’
w+w’ :

2. [A,B]eD
We remark finally that if f = f(u) is a function defined within the light cone Z¥, then

L
V2

In particular, if f is smooth and supported within a slab u € (a,b), then both Tf and L' f

Tf=—f"(u), andL'f=uf"(u).

are functions of u alone that are smooth and supported within u € (a,b). Similarly, we see

that fori > 2
1Ai )
=—x u).

To estimate functions of this form, we will use the following lemma.

L'f

Lemma 4.3.13. Fix f = f(u) a smooth function supported in u € [a,b]. Then on the set %,

for any m-tuple a, we have
LY < (1+ )™ 1ue(ap))

The implicit constant depends on the numbers a, b, the degree m, the dimension d, as well as

1 fllcm.
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Proof. Observe thatifi,je{2,...,d},
Lzl = L6"]'(u +u)
V2

and that

u+u \/_X

So we have that up to a universal structural constant depending only on the dimension d

and the degree m,
L £ (1Tl + o+ ™2 + 1) N fllem - 1 uefa,b)-

As on the set of interest, u € [max(a,0),b], we have that |u| < b. Furthermore, on Z* by
definition we have 2uu > |£|?>. The boundedness of u implies that || < VE. The desired

bound follows. O

4.3.3 Generalized energy

In Subsection 2.2.1, for a multiplier vector field X and a solution to the linear wave equa-
tion O ¢ = 0, we defined the X-energy of ¢ along spacelike hypersurfaces of Minkowski
space (see (2.2.7)). This was done through the energy-momentum tensor Q[¢], a symmet-
ric (g)—tensor adapted to the Minkowski metric m. Motivated by the quasilinear nature of
the perturbed metric g (see (4.2.9)), we now generalize this notion of energy to arbitrary
metrics.

In the flowing discussion, let g denote any Lorentzian metric. Then we define the

energy-momentum tensor associated to ¢ and with respect to g,

def
1=

Qld;g d¢®d¢——g(d¢ do)g. (4.3.10)

Given a multiplier vector field X, we define the corresponding X-energy current with re-
spect to g to be the vector field

] def

N7 p;8] = (571 Qpy [91X. (4.3.11)
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The following identity is the analogue of the divergence identity (2.2.8) with respect to g,

which follows from standard computations:

divg (X T[038]) = 0gh X + 5QF1:8)x 8 (4.3.12)

Specializing now to the cases where g is either the Minkowski metric m or the perturbed

metric g, we define the following T-energies along ¥.:

E[p1> = &l psm]® X2 f Q[¢;m](T,~(d7)¥) dvol,,, (4.3.13)

£l s8] Q[¢;g)(T, (~d)$*) dvoly,, (4.3.14)

We emphasize that the one corresponding to the Minkowski metric can be written explic-

itly as
d

ST[¢]2:J;Z(Li¢)2+ 1 (T¢)* dvol,,,, (4.3.15)

2
< coshp p— coshp

Yt

see the discussion immediately after the definitions of T and L' (4.3.5) - (4.3.7), Lemma
2.2.5, and its proof via the identity (A.2.17).
Integrating the divergence identity (4.3.12) with m and g in place of g and T in place

of X between two level sets 7y < 71 of T one obtains* the energy inequalities

Ex, (0817 = Explhs8]° < ﬂ |ogd - T(¢)|+|Qleps 8] :g L8| dvoly, (4.3.16)
te[tg,71]

EqloP el s || 159 7ol dvoln. (4.3.17)
te[Tp, 11 ]

The following proposition is how one obtains pointwise control for terms appearing on

the right hand side of (4.3.16) and (4.3.17).

4Note that the future oriented normals ¥, with respect to m and g are (4.3.3) and
(4.3.4), respectively. These appear when applying the divergence theorem to the left hand
side of (4.3.12) through the definitions (4.3.11), (4.3.13), and (4.3.14).
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Proposition 4.3.14. For any function f defined on I, we have, for any (u,u,X) € Z%,

d d
) sat' " 2cosh(p) 72 ) &L
lal< 4]
. d d
L f(,w,2) a7 2cosh(p) 2 ) &L
jal< 4 J+1
d d
ITf(u,u, %) Sqt 2cosh(p) 2 Z E[LYf].
lal< 4 J+1

Proof. This follows immediately when Propositions 2.2.7 (with M = 0) and 2.2.9 are ex-

pressed in double-null coodinates through Theorem 4.3.3. ]

Remark 4.3.15 (Remark 2.2.6 expressed in double-null coordinates.). A feature of the
energy (4.3.15) is its anisotropy. The classical energy estimates of wave equations control
integrals of |d;¢|* + |V$|> where all components appear on equal footing. Here, however,
the transversal (to X;) derivative T ¢ has a different weight compared to the tangential
derivatives L'¢p. Noting that by their definitions, T has unit-sized coefficients with ex-
pressed relative to the standard coordinates of Minkowski space. The coefficients for
L' (within the light cone Z%) have size ~ t. Therefore an isotropic analogue would be ex-
pected to contain integrals of tLZ(Li(z))2 along with integrals of T ¢. Noting that t = Tcoshp
this indicates that an isotropic analogue would contain, instead of the integral given in

(4.3.15), the integral

JTZCOSh 3Z cosh (P dvoly,

In other words, the integral for L' ¢ in the energy has a better p weight than would be ex-
pected from an isotropic energy, such as that controlled by the standard energy estimates.

This improvement reflects the fact that the energy estimate described in this sec-
tion captures the peeling properties of linear waves within the energy integral itself. It

is well-known that derivatives tangential to an out-going light-cone decay faster along the
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light-cone, than derivatives transverse to the light-cone. As asymptotically hyperboloids
approximate light-cones, we expect the same peeling property to survive. Indeed, the

energy inequality (4.3.16) shows that we can capture this in the integral sense.

4.4 A semilinear model

Before stating and proving our main results, we will illustrate both our method of
proof and the main difficulties encountered in the simpler setting of a semilinear problem.
Recall that the small-data global existence problem for the membrane equation (4.1.1) in
dimension d > 3 follows from a direct application of Klainerman’s vector field method,
after noting that the equation of motion is a quasilinear perturbation of the linear wave
equation with no quadratic nonlinearities, see the expository book [Sog08]. In particu-
lar, Klainerman’s null condition plays no role in establishing this result. As indicated
in Remark 4.2.3, the perturbation problem for simple planewaves introduces resonant
quadratic terms to which Klainerman’s null condition does not directly apply. On the
other hand, as observed in that same remark, there is a hidden null structure from which
we can expect to recover some improved decay rates.

The main difficulty however is that Klainerman’s null condition is built upon the ex-
pected decay rates corresponding to solutions to the linear wave equations with strongly
localized initial data. In particular, the heuristic for the null condition is based on the
expectation that, for generic first derivatives of such a solution, d¢ decays like t(1-d)/ 2,
while for “tangential” (to an outgoing null cone foliation) derivatives, the corresponding
derivatives decays like t~%/2,

In our setting, however, one of the waves in the interaction is a simple planewave
which does not decay at all. This reduces the effectiveness of the null structure in improv-
ing decay. As will be shown this difficulty manifests already in the model problem to be

discussed in this section. For example, when applying the vector field method one studies

the equations of motion satisfied by higher derivatives of the solution. After commuting
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the equation with the Lorentz boosts, one sees that when the boost hits on Y”, we obtain

a coefficient that, while still localized to t ~ —x!

, is growing in time. On an intuitive level
one can interpret this as a transfer of energy from the (infinite energy) background sim-
ple planewave to the perturbation. The null structure in our context then serves to cap
the rate of this energy transfer, ensuring (in our case) global existence of the perturbed
solution.

The specific semilinear model problem we consider takes (4.2.17) and drops from it

the quasilinearity. That is to say, we consider the small-data problem for the semilinear

wave equation
0¢ =Y"(u)(pu)? (4.4.1)

on RY4, where O is the usual wave operator corresponding to the Minkowski metric m.
To approach this problem using a vector field method, one commutes (4.4.1) with the
Lorentz boosts to derive equations of motions for higher order derivatives. The energy
estimates for these higher order derivatives are then combined with the global Sobolev
inequality to get L™ decay estimates for the solution. The main difficulty one encounters

here, however, is when the vector fields hit on the background Y”. We have
OL% = LY (Y )(¢pu)* +...,

where LY(Y"”) can have growing L* norm.
This potential growth of the coefficients is the main technical complication in this
problem. The best uniform estimate we have for L*(Y”’), assuming for convenience Y €

Cy° and the initial data for ¢ is compactly supported, is via Lemma 4.3.13, which gives

OL% ~ (1+ )™ 1y - (1+u+u) 29
| ——
Juh

—-d/2

where we have made the optimistic assumption that ¢, decays like (1 +u + u) as

would be the case for a linear wave.
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At this point, two different complications present themselves. First, one may naively
hope that the (higher order) energies always stay bounded, in analogy with the linear
case. This hope is rapidly dashed when we examine the energy estimate for |a| = d. After

commuting with d derivatives, we see that
aL%¢p ~ dp

with no decay! Even assuming that we can prove the boundedness of the lowest order
energy (which controls d¢ in L?), the best we can obtain is then that energy for L%¢
grows linearly in time. This first difficulty can be overcome with a modified bootstrap
scheme where the expected (polynomial in time) energy growth is incorporated into the

assumptions.
Remark 4.4.1. Several remarks are in order concerning this energy growth:

1. This growth is different from what appears in typical applications of the vector field
method to nonlinear wave equations with null-condition satisfying nonlinearities in

d = 3. In those cases, the equation takes the schematic form

0¢ =LoLo

where L¢ is a “good” derivative that is expected to decay like t=4/2 and Lo is a

“bad” derivative that is expected to decay like t(1-d)/2

. When considering the energy
estimates for the top order derivatives, one must face the possibility of needing to
control

00% = d*L$p-Lp+....

To close the energy estimate, one must estimate d*L¢ in L? and thereby bound L¢
in L* by 1/t, whereupon the time integration gives a small energy growth of the top
order derivatives.

This difficulty is already largely avoided in hyperboloidal energy methods, exploit-

ing the anisotropic inclusion of “good” versus “bad” derivatives in the energy (see
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Proposition ?? and Remark 4.3.15), and is not the cause of the energy growth in our

argument.

2. That the two energy growths are distinct can be seen in the fact that for the classical
applications of the vector field method, the energy growth occurs only for the high-
est order derivatives used in the argument. The more derivatives one uses in the
bootstrap, the more levels of energy that remain bounded. In our case, the energy
growth starts appearing at a fixed (depending on the dimension d) level of deriva-
tives, regardless of how many derivatives is used in the bootstrap argument. The
reason for this is because there are terms in the equation that do not enjoy the boost
symmetries, and every time you differentiate them with a boost, one gets another

growth of u. (see Lemma 4.3.13).

3. Similarly, this energy growth is also different from the y-degeneracy of the highest
orders of energies (and the associated “descent scheme”) that appears in the study

of formation of shocks [Chr07] (see also discussion in [HKSW16]).

The second difficulty is more sinister. To close the energy estimate, and estimate ¢,
in L°, we need to commute with at least d/2 derivatives in order to make use of Sobolev,
implying that m > d/2. But then the coefficients on the right hand side are of size (1 +
Z)_d/4+€

, which is not integrable when d = 2,3,4. This seemingly prevents us from even

closing any bound for |d¢|. Take for example the case d = 3.

« Assuming L® control on |d¢)| of the type (1+u+u)?, the coefficients in the equation

for LL¢ grows like (1 + u)!™*, This implies that, even assuming the lowest-order
energy remains bounded, the energy for LL$ grows like (1 + u + u)>~.
* In the best case, we expect that the growth of the LL¢ energy means a weakened L

)2—1—3/2

control on |d¢|, to the tune of (1 +u+u , with the power (-3/2) coming from

the global Sobolev inequalities.
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» Thus, we see that at every iteration one would increase the growth rate of |d¢| by

(1 +u+g)1/z.

To handle this difficulty, we will make use of the hyperboloidal foliation and its as-
sociated sharp global Sobolev inequalities. In particular, the anisotropy discussed in
Remark 4.3.15 allows us to exploit an additional vestige of the null structure of the mem-
brane equation to gain, effectively, an additional (1 + u + u)~! decay in the most difficult
terms and close the argument also in d = 3 and 4. This is accomplished by essentially
“borrowing” a weight from the |d, ¢| term when we put it in L?, using the fact that the
term we are trying to control is also a “good derivative” and benefits from the anisotropic

energy. The vestigial null structure is explained in Remark 4.5.3 below.

Remark 4.4.2. This improvement is not sufficient for the d = 2 case, even at the heuris-
tic level, due to logarithmic divergences when integrating (1 +s)~!. As the stability of
planewaves is trivial in d = 1 (using either the integrability of the membrane equation in
this case, or via an easy modification of the arguments in [Won17b]), we have reasons to
expect that the stability result also holds for d = 2. This turns out to be indeed the case, if
we factor in the additional improvements we used in the more detailed analyses for the

quasilinear problem in Section 4.5. See also Remark 4.5.1.

Note that these difficulties are essentially due to the fact that the background function
Y(u), while being a solution to the linear wave equation OY(u) = 0, is not one that is
associated to localized initial data. Hence its derivative with respect to L* has worse
decay rates. (In fact, it grows in time.)

Concerning this semilinear model, we will study the initial value problem for (4.4.1)

with initial data prescribed on the hypersurface {yo = 2} (here y is defined as in (4.3.8)),

Plyo_y = b0, dyodlo-, =P1-

The remainder of this section is devoted to proving the following theorem.
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Theorem 4.4.3. Let d > 3 and assume Y (u) is smooth and has compact support in u. Con-
sider the initial value problem for (4.4.1) where ¢ and ¢ are smooth compactly supported
functions on B(0,1) c RY. Let s = d if d is odd, and s = d + 1 if d is even. Then provided
lpollygs+1 +|P1llps is sufficiently small, the initial value problem has a global-in-time solu-

tion.

4.4.1 Preliminaries

Using the standard local existence theorem with finite-speed of propagation we can as-
sume the solution exists up to at least ¥,. Furthermore, by finite speed of propagation,

the solution must vanish when

d
Y >0 -2+ 1.
i=1

In particular, this implies

V2(u+u)<t?+1 (4.4.2)

on the support of ¢.
By the blow-up criterion for wave equations, it suffices to show |||l 1,00 (Ng) < for
every T € (2,00), see [Sog08, Chapter 1, Theorem 4.3]. The general approach, which we

will take also for studying the quasilinear problem, is that of a bootstrap argument.

1. We will assume that, up to time 7,5 > 2, that the energy £; of the solution ¢ and

its derivatives LY ¢ verify certain bounds.

2. Using Proposition 4.3.14, this gives L* bounds on ¢, and its derivatives of the form

L%p and TL*¢.

3. We can then estimate the nonlinearity using these L* estimates, which we then
feed back into the energy inequality (4.3.16) to get an updated control on &; for all

T € [2, Tmax]-
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4. Finally, show for sufficiently small initial data sizes, the updated control improves
the original control, whereupon by the method of continuity the original bounds on

Er must hold for all 7 > 2, implying the desired global existence.

Before implementing the bootstrap in the following two sections (one each for the cases
d being odd or even), we record first basic pointwise bounds on the nonlinearity. For

estimating the nonlinearity, we observe that

2 1 1
d, = V2u T- L' = (V2uT -LY). (4.4.3)
= u+u u+u u+u

This allows us to decompose

7 2 1
9w =

[AG)(L! $)? + B(u)L' ¢ - Tp+ C(u)(Th)?]

where A, B, C are all compactly supported smooth functions of u. By Proposition 4.3.8 we

can rewrite LT ¢ as

AT dh = 1 p ' TLY
LT= ) ——cpLPo+ Y ¢TI
Bl<lal ~ — [yI<lal

where c/;,c;/ € Wy and hence are bounded. Additionally on the region 7 > 2 that we
are interested in, u + u is bounded from below. So finally using Lemma 4.3.13 on the

coefficients A, B, C above, we obtain the following uniform pointwise bound on the region

{t>2}

=

L@ s Y 0+ 037 Yucwpp
k+01+0r<|a|

(L= L= )+ (TLEG)TL2 ) + (L5141 G)TL=29)|. (4.4.4)

Notation 4.4.4. Here we denote schematically by L<( terms of the form LP¢ with B an m-

tuple with m < €.
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By Proposition 4.3.14 we can replace the term with the smallest of ¢1,¢, using an

energy integral:

‘(LS€1+1¢)(LS€2+1¢) < Tl_

d d
cosh(p)l_fc‘fT[LSg1 gkl e ‘LS@H

d

2

d
‘(LS€1+1¢)(TLS€2¢) <t ET[LS€1+|_7J+1 }TL_

d

(L0 )(152+1 )] < 7% cosh(p)! 2, (L5118 g). |L<€2+1
d
2

d
(TL=C19)(TL=2¢)| <« cosh(p)l_7€T[LS€1+L7J+1¢]-‘TL5€2¢‘.

This allows us to condense (4.4.4) as

k_
pPc@ns 3 0w ey
k+€1+€><|a]
€1<€2
<€1+|_ ]+1 o <€2+1 <ty

~tcosh(p)

Here we used that T cosh(p) = %(u +u) ~ (1+u) using the support properties of Y. Next

we note that 2uu > 72 in Z*. On the support of Y this means u > 72. On the other hand,

from (4.4.2) we alsoget u <1+ 72. This allows us to replace (1 + u) by (1 + 7)% in (4.4.5).
Observe next that since L’ is Killing with respect to m, we have that firstly £L7m = 0

and secondly

oL | < ey @w)?]|

So from the energy identity (4.3.16) we get

Eqlt g -Elt®eP s || 1Ll 7L dvoln

tel[1p,11]

Applying (4.4.5) we finally arrive at our fundamental a priori estimate

Eq) [LYPT* = Ey[LY ) <

1

(14 04 £ L) £ [152]- £, L1154 ] d.

o k+l1+(2<|a|
{150y
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To simplify notation, let us write

Ex(t)= sup 5U[L5kqb]. (4.4.6)

o0€[2,7]
Our a priori estimate reads

T
Edr)?-Ex(27s ) | sOTEE

€0+€1 +€2:k 2
1<ty

€1+L%J+1E€2ds' (4.4.7)
In the remainder of this section we will discuss the bootstrap scheme that allows us to
control Ky, for all k <d + 1 when d is even and all k < d when d is odd, for all time 7 > 2.
Note that the implicit constant in (4.4.7) depends only on the dimension d, the order
k of differentiation, and properties of the background function Y, and is in particular

independent of ¢.

4.4.2 Bootstrap for d > 6 even

When d > 6 is even, we will denote by m the value d/2. Note that m > 3. We will assume

a uniform bound on the initial data
Ex(2)<e, k<d+1. (4.4.8)
Our bootstrap assumption is that for some 0 > e and forall 2<7 <7,

o k<d-2
Er(t) < . (4.4.9)

othd-Din(r) d-1<k<d+1

We note that under (4.4.7) this system is closed: if £y +¢; + €, <d+1 and ¢; < ¢, then
{1 < m. This means that {1 + [d/2]+1 <2m+ 1 =d + 1. Our goal is to show that the boot-
strap assumptions (4.4.9) can be used to prove improved versions of themselves, under a
smallness assumption on 6 and e.

Under our bootstrap assumptions, we can expression every term of the form
sC07 g (s)E Eg,(s) = 53
k($)Eey +m+1(8)Ee, (5) = wey 1,6, (5)07,
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noting that {1 < ¢, by assumption and €y +¢; +{, =k <d + 1. Observing that at most one
of {y, {1 + m+1, and ¢, can be > d under these conditions, we tabulate upper bounds for

the weight functions wy, ¢, ¢,(s) in Table 4.1. From this table, we see immediately that

Table 4.1: (d > 6, even) List of admissible €(,¢1,¢, values as well as the correspond-
ing upper bounds for wg, ¢, ¢,. The value of “—" means any value compatible with the
prescribed columns. The shaded rows are those with non-integrable upper bounds for

Wey,01,62-

k {o 0 % Wgolgl,gz(s) < Comment
<d-2 — <m-2 — 52 = (g <k.
<d-2 — m—2 — 524 1n(s) = {p<2.
<d-2 — m—1 — s~ 1In(s) = (o = 0.
d-1 <d-2 <m-3 <d-2  s72In(s)
d-1 — m—2 — 37 n(s)2 = lh<m+1,{p<3
d—1 — m—1 — s!i=dIn(s)? = ¢y<1
d—1 — — d-1 s~ 1n(s)?
d-1 d-1 — — s~ In(s)
d <d-2 <m-3 <d-2  slln(s)
d — m—2 — sid In(s)3 = O <m+2,{3<4
d — m,m—1 — s2-d1n(s)? — (<2
d — —  dd-1  s¥9n(s)?
d ,d— — — sin(s)
d+1 <d-2 <m-3 <d-2 In(s)
d+1 — m-—2 — s>41n(s)3 — (O <m+3,{<5
d+1 — m,m—1 — 53_dln(s)3 = (H<m+2,{p<3
d+1 — — dd+1  s*In(s)?
d d,d=+1 — — s31n(s

Er(1)? - Ex(2)? < 63 whenever k < d — 2. Furthermore, using that for p > -1
Jsp In(s) ds = LSPJr1 In(s) - ;sp+1 < sP*ln(s)?,
p+1 (p+1)?

and
Js‘l In(s) ds = %m(s)%

we conclude that fork=d—-1,d,d +1

Ee(1)? —Ex(2)% < 6312(k_(d_1))1n(1)2.
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Thus for ¢ sufficiently small (depending on the implicit constants in the inequalities
above), we have that our bootstrap assumptions (4.4.9) together with initial data assump-

tions implies

,/(-:2+%62 k<d-2
Er(t) < . (4.4.10)

\/62 +362e2k~d-Dn(r)2 d-1<k<d+1

By choosing € sufficiently small relative to 9, we can guarantee
\Eé k<d-2
Er(t) < , (4.4.11)
V3ot in() d-1<ks<d+1

thereby closing the bootstrap and proving global existence.

4.4.3 Bootstrap for d > 5 odd

When d > 5 odd, we will take our bootstrap assumption to be

o k<d-2
Er(t) < . (4.4.12)

sth-d-Vin(r) k=d-1,d
That we can close with one fewer derivative is due to |d/2]| < d/2 in this case. Define m =
|d/2] for convenience; note that 2m = d — 1. By our assumption then {1 <€, — ¢ < m,
and hence €1 + m+1 < d, allowing the system to close.
The bootstrap argument here is largely similar to the case d > 6 even. In Table 4.2 we
record upper bounds for the weight functions Wgo’gl’gz(s), and omit the straightforward

remainder of arguments.

4.4.4 Bootstrap ford =4

We will assume a uniform bound on the initial data

Ex(2)<e, k<5, (4.4.13)



Table 4.2:

(d > 5, odd) List of admissible ¢y, ¢;,¢, values as well as the correspond-

ing upper bounds for wy,, ¢, ¢,. The value of “—” means any value compatible with the

prescribed columns. The shaded rows are those with non-integrable upper bounds for

wfo,fl,fz'

k {0 01 ) We,0 0,(s) < Comment
<d- — <m-2 @ — 52 — () <k
<d- — m—1 — si7In(s) = (<1,
d— <d-2 <m-2 <d-2  s2In(s)

d— — m—1 — Zdln(s)z — (<2
d— — — d-1 s~ 1n(s)?
d- d-1 — — s~ 11n(s)

d <d-2 <m- <d-2 s~11n(s)

d — m,m—1 — s4d1n(s)3 — {H <3

d — — dd-1  s¥4In(s)?

d dd-1 — — sln(s)

with an additional bootstrap assumption for some 6 > €

Er(t) <

0

k<2

otk=3+ry 3<k<5

(4.4.14)

The number y is assumed to be < 1 and arbitrary; in particular we will throughout take

1
Yy <3

. The smallness of y will impact the smallness of the initial data allowed: the

smaller the y the smaller the initial data needs to be. We consider y as fixed once and for

all.

We argue similarly to the case when d > 6, and record in Table 4.3 the corresponding

weight functions wy ¢, ¢,. Note, however, an additional complication arises since d/2 +

1 =3 =d -1 in this setting (which is why instead of a logarithmic growth of energy £;_1,

we see a small polynomial growth).

Based on the weights derived in the table, we see clearly that, by (4.4.7) we have

Ex(1)?

—Ek(2)2 <

~

53 k<2

63T27/+2k—6 k= 3,4,5
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Table 4.3: (d = 4) List of admissible €y, {1,¢, values as well as the corresponding upper
bounds for wy ¢, ¢,. The value of “—” means any value compatible with the prescribed
columns. The shaded rows are those with non-integrable upper bounds for wy, ¢, ¢,
(Recall that 3y <1 by fiat.)

k 50 €1 €2 wf(),fl,fz (S) <
J— 57_2
1 sV3

AN
S}

A
(S}
%2
N
3
N

N O ow|'
wn
[\)
~
+
i

— 3,4 §3v—2
2y+3

(6]
o
(o)

S2y+2

|
|
NS

g2y+1
— — 345 500

Gr U1 G G = BB QO wWwwww N

and hence taking 6 sufficiently small and € even sufficiently smaller will allow us to close

the bootstrap and obtain global existence.

Remark 4.4.5. Applying Proposition 4.3.14 we see that the corresponding solution has

the following decay rates:

9l < @97,
L'l < (»°)7 71, IL'Lip| < (v0)?,
Tl < ()17t ITL p| < (0)7 1.

The difference between the decay rate for |¢| and the expected (3)0)_3/2 is due to our not

using the Morawetz K multiplier (see [Won17c]) and purely technical. The remaining
modifications are due to the equation. We see at the first derivative level the decay rates
%)

shown are modified from the standard linear rate by (y")?, while at the second derivative
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level the decay rates are worse by a factor of (p°)?*1. (For linear waves in d = 4, |L'L/ ¢|
should decay like (y°)~1.) This worsened decay is a consequence of the background Y

that appears in the equation.

Remark 4.4.6. Notice that we do not make use of fractional Sobolev spaces. In the in-
teger setting, to close the L2-L° Sobolev estimate, in 4 dimensions we need to take 3
derivatives. Returning to the schematics described in the introduction of this section, we
expect the equation satisfied by L3¢ to have a right hand side growing like (1 + u)~1/2.
Our bootstrap assumptions (as well as was shown in Table 4.3) indicate, on the other
hand, that the inhomogeneity can take a coefficient growing like (1 + u)~1*€ (remember
that y < % is fixed and arbitrary). This gain of effectively a power of 1/2 is due to our use

of an anisotropic energy (see Remark 4.3.15) and that on the support of Y” the derivative

d, is well-approximated by a “tangential derivative”.

4.4.5 Bootstrap ford =3

We close this section by recording the bootstrap argument for d = 3. Here the bootstrap
assumptions will be taken to be

0 k=0,1

Ex(7) < (4.4.15)

otk=2+y k=123

Here again y < 1 is fixed to be < % The weight bounds are shown in Table 4.4. Arguing

similarly to the case d = 4 we see that the bootstrap assumptions imply

, , 53 k<1
Er(t)—Er(2)° <
63,.[2’)/+2k—4 k = 2’3

and hence for sufficiently small 6 and e, the bootstrap argument closes and we have global

existence.
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Table 4.4: (d = 3) List of admissible €y, {1,¢, values as well as the corresponding upper
bounds for wy ¢, ¢,. The value of “—” means any value compatible with the prescribed
columns. The shaded rows are those with non-integrable upper bounds for wy, ¢, ¢,
(Recall that 3y <1 by fiat.)

k 50 51 52 wfo,fl,fz (S) <
<l — — — sV=2

527/—1
527/—2
$3r-3
g2+l
27
— — 23 s3r-1

W W W NN N
_ o N = O

For convenience we record here the corresponding L™ decay rates relative to the y
coordinates. These can be obtained by applying Proposition 4.3.14 to the bootstrap as-

sumptions above.

bl )72,

|T¢| s (yO))/—l/zT—l, |TL1(P| S (y0)7/+1/2,[—1_

Remark 4.4.7. An examination of Tables 4.1, 4.2, 4.3, and 4.4 shows that, exactly as
discussed in the introduction to this section, the nonlinear terms that cause the main
difficulty are those where the commutator vector fields hit entirely on the background
planewave Y”. This shows that even if we start by considering initial data with higher

degree of regularity, the loss of decay will always appear in the energy £y starting from

k=d-1.

Remark 4.4.8. In the arguments given above, when d is odd we only commuted with up
to d vector fields, and when d is even we used d+1 vector fields. It is fairly straightforward
to check, in fact, that for initial data of higher regularity, the higher regularity is preserved

in the solution. However, for each additional derivative the energy growth speeds up by
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another factor of 7. So for example, in dimension d = 3 the higher energy E11(7) will have

9+y

controlled growth like 7777 in our bootstrap scheme.

4.5 Commuted equations

We now return to the membrane equation. As discussed in Section 4.2.2, to handle the
quasilinearity it is convenient to consider not just (4.2.17) but also the prolonged system
(4.2.18) for its first derivatives. As seen in Section 4.4 previously, we will prefer to work
with the weighted vector field derivatives L!¢ instead of the coordinate partials d)¢. In
this section we will first write down the corresponding propagation equations for L ¢.

While the arguments in Section 4.4 sums up neatly our approach toward the semi-
linear inhomogeneity in the equation, the quasilinear nature of (4.2.17) introduces addi-
tional complications. Whereas in the semilinear case the commutation relations [Li, O] =
0 hold, in the quasilinear case [L?, Og] are generally non-vanishing second order differen-
tial operators, whose coefficients depend on the unknown ¢ itself. In the second part of
this section we perform these basic commutation computations and systematically record
the additional terms that arise which would also need to be controlled.

In the final part of this section, we give a statement of our main stability theorem
for simple planewave solutions to the membrane equation. We will state and prove our
theorem in the most critical case d = 3. Returning to the results of Section 4.4, we see
that when d > 5 the solution ¢ to the semilinear equation is such that ¢ and its first order
weighted derivatives Li(j), T ¢ all enjoy pointwise decay at rates identical to the solution
to the linear wave equation. For the corresponding quasilinear problem the dynamical
metric g also has fast decay toward m, and the quasilinearity poses almost no additional
complications compared to the semilinear case.

As already discussed in the introduction to Section 4.4, in lower spatial dimensions
even the semilinearity causes additional difficulties compared to d > 5; this requires,

in particular, that the decay rates of even the lowest order derivatives L¢p and T¢ be
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modified from their expected linear rates. In the quasilinear setting, this causes additional

complications. In three dimensions, in particular, the appearance of terms of the form

Y (1) g,

in (4.2.18) is potentially troublesome. Based on purely the linear peeling estimates, which
follows from applying Proposition 4.3.14 to a solution of the linear wave equation, and

which would give (on the support of Y”)
1= (7% 10upl< 0072 190l s 672,

one may naively expect that Y (u)$d2, ¢ has similar decay properties as the semilinear
nonlinearity Y"(u)((j)ﬂ)2 that we already treated. However, if we instead examine the

decay rates proven in Section 4.4 (which we should not expect to be better), we have
|¢| < (yO)—l/Z’ |8g¢| < (yO)—3/2+}/, |a§_u¢| < (y())—3/2+7/’

making the decay for T”(u)qb&f,_u(j) slower by a factor of y° compared to the semilinear
term.

This potential difficulty is significantly ameliorated in d > 5; doing a similar anal-
ysis using the proven decay rates in Section 4.4 shows that the difference between the
quasilinear T"(u)cj)&%_u(p term and its semilinear counterpart, when d = 5,6 is merely a
factor of In(7) which does not impact the bootstrap argument; and when d > 7 no differ-
ence is present. Hence, both for brevity of presentation and clarity of argument, we shall
concentrate the remainder of this chapter on the most difficult case d = 3. The higher
dimensional cases can all be handled similarly; with the difference being mainly one of
bookkeeping.

The overcoming of this potential difficulty with the Y (j)(?f,_u(j) terms in dimension
d = 3 relies, unsurprisingly, on the “null structure” of the equation. In Section 4.4 for
brevity of argument the derivatives L' ¢ and L' ¢ for i = 2,...,d are estimated isotropically.

However, the equations that they satisfy are not the same: recalling that the worst term
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of the inhomogeneity arises from when the weighted vector fields hit the background Y”,

we expect

oL ¢ ~ (L'Y”)(¢,)?

in the semilinear argument. However, a direct computation shows that
LlT” — uT///

is again a smooth function with compact support in u. In particular, while for i = 2,...,d
we have the growing weights as described in Lemma 4.3.13, this loss is not seen by pure L1
derivatives. Therefore we expect L!¢ to actually enjoy better decay compared to L ¢ for
i # 1. Finally, returning to the difficult term ¢,,,,, we see that the d,, derivative lies in the
span of T and L! (see also (4.5.8) and Remark 4.5.3); hence we will expect that aﬁ_uqb to
decay faster than the generic tangential second derivative, allowing us to eventually close

our estimates.

Remark 4.5.1. In d = 2 this observation is in fact enough to allow us to close the energy
estimate for the semilinear model. However, additional difficulties come up in the analysis
of the full quasilinear problem that cannot be treated using only this method, hence we
omit its discussion below. For the semilinear problem (4.4.1), let us denote by Ej the
k-th order energies for ¢, and Fy the k-th order energies for L' ¢ (analogously to how we
proceed in Section 4.6 below for the quasilinear problem in 4 = 3). This way of treating
the equations for ¢ and L!¢ separately allows us to close the global-existence bootstrap

in a manner similar to that described in Section 4.4 with the energy bounds

Eo,Fo <0,
E‘l; Fl S 5T7/:
E‘Z; FZ S 5T1+y1

E3< STt7
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For the quasilinear problem, this scheme breaks down when dealing with the TT ¢ deriva-

tives that crop up.

In dimension d > 3, the cubic and higher nonlinearities are essentially harmless, even
with the slightly reduced decay rates. (In the linear case the terms placed in L*® combine
to decay at least as fast (yo)_3/2; alossof y < % can be easily absorbed.) This fact allows us
to essentially ignore all “null structure” when handling the cubic and higher order terms,

which allows us to significantly simplify the bookkeeping involved.

4.5.1 The perturbed system, restated

Our goal this section is to derive the evolution equations for L'¢». Some of the computa-
tions are lengthy and not entirely transparent: they are recorded in Appendix A.3.1. We

start with (4.2.17) which we re-write as

[¢]

gﬂvav(i)_ ” 2
Vigldy, N =" (¢pu)*

We expand the left hand side as

O + 20y (9”9, ¢) + Viglg(dp,dlgI™/?)
= O + 20, (Y 9up) - 1g g(de,d(g(de,de)))

Notice, on the other hand, that

95 = Ot +20,(#7"0,1p) - 118(d0 (10, dp))

= L) §(d,dp) + = e s éldlshdy). (45.1)
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Together this implies that, if X is a Killing vector field of the Minkowski metric m, that

g(dlgl d(X¢))

0 X¢ =| X(Y(¢u)?) |- |;| Y ($py)§(d, d(X ) + gl

= 21X, 9y )(pY " Py) |- 292(X(¢T")4>g) |20y (¢Y"[X, dul9)

_Lx ()3, digh + 51 Lx(E )b, lg)

 lde.d(Lx(Edg.dp)). (452)

Here, Lxg ! is the Lie derivative of the inverse metric g~! by the vector field X. It can be

given as
Lxg " =2X(¢Y")0u ® Iy +2¢Y"[X, 0,1 ® Iy + 20”9y ®[X, 9. (4.5.3)

The boxed terms in (4.5.2) are those with quadratic nonlinearity and are the ones for which

the null structure play an important role. The remaining terms on the right hand side all

have cubic or higher nonlinearities, and will be treated more roughly in the estimates.
Later on we will take X to be one of L’; we can compute the commutators (see (4.3.6)

and (4.3.7) for definitions)
(L', 0,]=~dy; (4.5.4)
(L', d,]= -%yi(y' v T), ie{2,...,d). (4.5.5)

For convenience, we will introduce the following schematic notations.

Notation 4.5.2. First, in view of Lemma 4.3.13, we will denote by 9, any finite sum of

terms of the form
(Polynomial in {g,a@}) . (Compactly supported smooth function of u) (4.5.6)

such that on Z* it is bounded by (1 + u)"/2. Our assumptions imply Y’ = %. The

computations surrounding the proof of Lemma 4.3.13 imply that
TP, =P,, L'PB,=PR,, L'P,=P,. foricl2,...,d). (4.5.7)

We will denote by 7, any element of W),,.
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With these notations, we can rewrite schematically
Py =W P(L' +T). (4.5.8)

Remark 4.5.3 (Vestige of null condition). As discussed in Remark 4.2.3, the presence of
the Y factor in Y”(¢,, )2 helps to ameliorate the resonant interaction. This improvement
is a vestige of the null condition of the original membrane equation. In our reformulation
here, this improvement is captured in (4.5.8) above. Observe that a generic coordinate
derivative d,;, d,, or d¢ can be written only as an element of the commutator algebra A1,
which means that the transversal factor T is not accompanied by a decaying weight. From
this one can see that quadratic terms of the form (T ¢)? will serve as a severe obstacle to
global existence. In our setting, however, the %) weight Y provides a spatial localization
and gives an anomalous weighting: the term %1 T € R, and has improved decay and this

improvement is, fundamentally, what allows our argument to close in this chapter.

Notation 4.5.4. We will frequently denote by %’Zf,’s an element of Bﬁ/f with w’ > w. When

|g| appears in a higher order term, if is often sufficient to control it as

gl=1+ (B $)>(1+ Rp), (4.5.9)

and similarly we can write

2(dep,dy) = (B, o)(B" )1 + Ryp). (4.5.10)

Remark 4.5.5. Observe that in (4.5.2), the inhomogeneity depends on up to second order
derivatives of ¢. If we decompose nonlinearities, the second order derivatives that appear
are generic, in the sense that derivatives with principal parts TT¢, TL ¢, and L'L/ ¢ all
appear. (Note that {T, L} span the tangent space R!"%.) To control TLi¢ and L'Li ¢ in L™,
by Proposition 4.3.14 it suffices to control the energies of L%¢. The term T T ¢, however,
is not controlled by these energies. There are two approaches to address this. First is

to enlarge the set of commutators required; instead of only commuting with the boosts
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L%, one can commute with also the T vector field. Checking the commutator relations, to
close this argument one would have to commute with all differential operators of the form
L?Tk where |a| + k is bounded by some kq. For our problem, it appears slightly simpler
computationally to take the second (essentially equivalent) alternative. By decomposing
Og we can solve (4.2.17) for TT¢ in terms of TL!¢ and L'L/ ¢ and lower order derivatives.
This implies TTL/3(;[) can be estimated in terms of TLY ¢ and L% ¢ where |y| <|B|+ 1 and

la| < |Bl+ 2. See Appendix A.3.1 for the details of this computation.

Notation 4.5.6. We will denote by & = ?(cﬁ%,%’é’ocj),%‘ll'l ¢) an arbitrary smooth func-
tion of its arguments. In particular, |g| =  in this notation, as well as |g|! = & when the

o, %’3’0(1), and %’11’1 ¢ are all sufficiently small.

It is convenient to simplify (4.5.2) a bit more.

With the aid of these schematic notations, we find that L! ¢ satisfies
0L ' = AW5 - |(L'p+ Tp)* + TH(L' L' g+ TL )
L p+Td) +(p+L )L L p+TL g+ TT(P)]
+G(B 0) (B LB )+ G R By )BT )2 By D)
+GR(B" ) (B )+ T RNB ) (B 0)+ G T(By  9)( B, )

+ GOV P B 02 ( B )+ GO* WP (B 9)H (B §)
+ GOV P(B ) (B )+ G R (B ) B 9)P (45.11)

The first brackets capturing all the quadratic nonlinearities and the cubic and higher non-
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linearities are described schematically after. For i # 1, the term L¢ satisfies the equation

DL = AW (p+L' o+ Td) (B L o+ By 0+ B §)
+W5(RL G+ PO L'L ¢+ TL G+ TTH+L p + T¢)
+ AW+ L P+ TH)L ¢+ Toh)
+G( B ONBY ONBy )+ G T ( By 0)( By 0V (B )
+GR(B) ) (Bl §)+ CR(B ) ( By )+ R ( By 0)( By )
+GOMR(B, 0V (B O+ SO WP (B 9B §)
+GOMR(B," 0)°(By > )+ SR U(By 6)( B, )
+GORA (B ) ( By 0) + GOV P B 9> + GA (B ). (45.12)

Note that the cubic and higher-order terms are schematically represented largely in the
same way, with the main differences coming in the quadratic terms. The key observation,
as already mentioned in the introduction to this section, is that the quadratic terms in
the equation for L'¢ do not see the growing weight term, and therefore behaves like ¢
instead of a generic L¢ term. This improvement then also propagates into the analysis of
the quadratic terms of equation (4.5.12) of the general L derivatives.

For convenience, we record (4.2.17) here in the schematic notation.

Ogp = GRWA(L § + Th)>. (4.5.13)

4.5.2 Commutator relations

To use the vector field method, we will be commuting our equations with the L’ deriva-

tives. More precisely, we study the wave equations satisfied by %’(]){’O(Ll o, Licj)) by writing
k,0 k,0 k,0
Og(By L) =By (OgLp) + By, Og|(Lp).

Note that after applying (4.5.11) and (4.5.12) the right-side does not contain principal

terms. Differentiation of the schematic relations in (4.5.11), (4.5.12), and (4.5.13) are
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straightforward. To implement our strategy, we need to compute the commutators [X, O]
acting on a smooth scalar i, where X = L! or L. We merely record the results here, and

defer the actual computation to A.3.2.

(X, 001 = AW1B, G)L Y+ TY)+ RIL(P + L' d+ TH) (B, )
+ RV By ) B L+ B T) + RW5(By L o+ By " Td)(L' ¢+ Top)
+ AW+ L G+ THIL Y+ TY)+ AW (L' L' Y+ TL + TT)
+(XD)-[(B OBy ) (B ) + (B ) (B )
+ BB ) (B )+ AT (B $)2( B )]
+ G- [(BY )BT ONB ) + (B )Py DBy )
(B OB DBy )+ R By V(B OB )

+ P (B (B )+ AT DB (B $)NB) )
+ AV By 0)( B $)2(B )+ P (B 9B )] (4.5.14)

Notice that the quadratic terms (linear in both ¢ and ) are listed explicitly, as we expect
to need to use the null structure to extract sufficient decay. The cubic and higher terms

(which are at least quadratic in the background ¢), are listed purely schematically.

Remark 4.5.7. Now and in the sequel, HO1 constitutes the cubic and higher order terms
that arise in the right hand side of (4.5.11), see also Appendix A.3.1.4. Similarly, HO; for
equation (4.5.12), see also Appendix A.3.1.5. A key thing to note about the commutator
relation (4.5.14) is that, with ) = L*L! ¢ for some multi-index a, every cubic and higher
term that appears in the schematic decomposition above can be obtained, schematically,
as a term that appears in an L=I%*1 derivative of HO;. And similarly with i) = L%¢ every
cubic and higher term in the schematic decomposition is a term that appears in an L=lal
derivative of HO;. (The only difference being our schematic treatment of the purely cubic
term; see Remark A.3.2.). Thus we will not separately treat the cubic and higher terms

that arise from the commutator in our analyses later, and absorb it as part of the general
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discussion of higher order terms.

Similarly, with ¢ = L% ¢ all the quadratic terms that appear in (4.5.14) can be obtained
from L=l derivatives hitting on QN;, which are defined as the quadratic inhomogeneity
of (4.5.12). However as we can see in the case ¢ = L2L!, the final quadratic commutator
term of the form %7/2({)(L1L1 P+ TL! Yp+TT1p) cannot be obtained as an L=lal+1 gerivative
of QNy, which are defined as the quadratic homogeneity of (4.5.11) (notice the differing
weights %) and 24 ). These turn out to be the most delicate terms in the analysis, and in
Section 4.7.2.4 will be the main terms to saturate the polynomial growth in the energy

estimates.

4.5.3 Statement of the main theorem

Our main theorem asserts that when the initial planewave Y has bounded width, then
this travelling wave solution is stable under small compactly supported perturbations.
By rescaling and translating we can assume the perturbation is supported in the unit ball

B(0,1) € R3 on the spatial slice {y° = 2.

Theorem 4.5.8. Let d = 3 and assume Y (u) is such that X" has compact support in u. Con-
sider the initial value problem for (4.2.17), where the dynamical metric is given by (4.2.9). We

assume the initial data is prescribed on the spatial slice {y° = 2} by

¢|y0:2 = (PO' ay0¢|y0:2 = (Plt

where ¢po, 1 € Cy7(B(0,1)). Then for any y > 0 there exists some €9 > 0 (which we allow to

depend on Y and on y) such that whenever

lIpollgs +llp1llg4 < €o

the solution ¢ exists for all time y° > 2. Furthermore, we have the following uniform bounds
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on the solution and its derivatives:

bl +IL ¢l < (v0) 7172,
IT|+|TL p| < 7L (»0) 712,
1B, )+ 1By "Ll + ITBy bl +ITT < 77 (v°) 12,

(B 1+ 1B pl < T ()

Remark 4.5.9. Observe that in particular, the coordinate derivatives (with respect to y)
up to second order all decay uniformly as y° ' co. As will be clear from the proof, if
the initial data has higher regularity the regularity persists for the solution. This can
be extended to show that (the details of the proof we omit here) that arbitrary order
coordinate derivatives of the solution decay uniformly like (yo)_l/ 24y, Peeling, however,
doesn’t hold to arbitrary orders, unlike the case of the linear wave. If we denote by o
a derivative that is tangential to out-going Minkowski light-cones, our results are only

compatible with these outgoing tangential derivatives df ¢ being uniformly bounded by

(})0)_3/2+7’ for all orders |B| > 2.

4.6 Energy quantities and bootstrap assumptions

The remainder of this chapter is devoted to proving Theorem 4.5.8. In view of the
robust local existence theory for nonlinear wave equations, the strategy we will take is
that of a standard bootstrap argument. In this section we will set the notations for the
basic energy quantities and perform some preliminary analyses on them, having also

introduced the main bootstrap assumptions.
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4.6.1 The energy quantities defined; bootstrap assumptions

Recall from (4.3.14) the energy quantity

Ecl; g = Q[ll) g)(T, (~dr)$H) dvoly,

2_[ d1 dr)
5 vVlg(dz,dr)]
which satisfies the basic energy inequality (4.3.16) for 75 < 13

Exy [1:8)° < Exy[;8)7 + ﬂ QY3 8] :g L1g|+2|Ogy - T()| dvol,. (4.6.1)

tel[tg, 1]

Here 1 will stand for some higher L derivative of the solution ¢. One difference between
our quasilinear setting and the semilinear model treated in Section 4.4 is the presence of
the first integrand in the energy inequality. In the semilinear case L1m = 0. The analysis
of the second integrand will occupy Section 4.7, using the equations (4.5.13), (4.5.11),
(4.5.12); we treat the first integrand here.

The integrand can be expanded as

- I _
Qi8] £18 = (L1~ )y, dy) - 587! (dy,dy) g ¢ L1g.
We primarily care about terms that are linear in ¢: the terms with higher order depen-

dence on ¢ we expect to behave better and will estimate very roughly. With that, and

(4.2.14) in mind, schematically
(L1g " )(dp,dp) = (¢ + TO)RWA(L Y + T)?
+Z[( B OB )+ (B )1+ TOR)| (B )
And we also have schematically, by (4.2.9), that
g L1g =g ' (dp,dT ) +g ! (du,du)(¢p + T$) %
=G(B ) B; 7 0) + G R(B )2 (b + Th).
Therefore we can conclude that schematically

Qligl:g L18 = (¢ + TO)IRWA(L P+ T)?
+Z[( B )BT P) + (B 921+ TOR)| (B )7 (4.6.2)
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We will return to estimating this term in Section 4.6.5

For convenience, for T > 2 and k a non-negative integer, we will denote by

Ex(1) = sup &[L<F¢ig], (4.6.3)
o€[2,7]

Fo(r) € sup & [L5KL1¢;g). (4.6.4)
0€[2,1]

We will make the following initial data assumption:
£4(2)+F3(2)<e (A1)

for some € > €y. We can make this assumption as by the standard local-existence ar-
gument for nonlinear wave equations, with the assumptions in Theorem 4.5.8, for suf-
ficiently small ¢( the solution necessarily exists up to ¥,. The continuity of the energy
norms on initial data implies that as €y — 0 the quantity £4(2) + F3(2) — 0 also.

As is typical of bootstrap arguments, we will assume there is some T > 2 such that
for every 7 € [2, T] the following bootstrap assumptions hold. We need three parameters:
0o > 0 whose size will be fixed in Section 4.6.3 and considered constant afterwards; 6 €
(0,0¢) which is a smallness parameter we will adjust to close the bootstrap. Without
loss of generality we will assume y € (0,1/4) is fixed throughout the argument. Our
goal, as usual, is to demonstrate that the bootstrap assumptions below leads to improved
versions of themselves, when o6 and € are taken to be sufficiently small. This then implies
by standard continuity argument that the assumptions in fact hold for all times 7 > 2 and
we obtain global existence.

Our bootstrap assumptions are: First, along ¥, we have the uniform bounds

bl < 60(»°)" %

IL | < 60(y0) V%
. (BAgo)
IL | < 60(v°) Y217

TPl < 50(y°) V2277,
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Second, we assume that
Ei(t)+Fi(t) <6
Eo(T)+ Fp(T) < 6175

Es(1) + F3(1) < 671175

Eq(t) < 87%77.

4.6.2 Inequalities on that we use frequently

In the subsequent analysis, we will freely use the control of y¥, cosh(p), and u afforded by
Lemma 4.6.1. As we will see, these estimates will be an important tool to obtain coercive
control (with respect to kg, Fx) of terms that arise in the energy estimates. They also have
important consequences when used concurrently with the bootstrap assumptions, see,

for instance, Proposition 4.6.2.

Lemma 4.6.1. The following estimates hold on I N {supp ¢} N {supp R}

u~ yo (4.6.5)
0 ~ 72 (4.6.6)
cosh(p) = 7. (4.6.7)

Proof. Using p° = (u+u)/V2, (4.6.5) follows because 4 has compact support in u. Under
the assumptions of the initial data in Theorem 4.5.8, finite speed of propagation implies

that

V2 + g2 41532 <0~ 2]+ 1 =50 -1

on the support of ¢. Since 2 = 2uu - |2 = (3.)0)2 — (3}1)2 - (3}2)2 - (y3)2, the previous

inequality reads 2yy < 72+ 1 and hence y¥ < 72 because 7 > 2. Since 2uu > 7% on I~ (see

Section 4.3.1),
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by appealing to the support of Z). We have then proved (4.6.6). Finally, (4.6.7) follows
from the identity tcosh(p) = yo and (4.6.6). O

4.6.3 Some first consequences of (BA,)

The assumptions (BA,,) are not strictly speaking necessary; its presence however helps
jump-start basic geometric comparisons that simplifies especially the energy comparisons

to be taken in the next subsection.

Proposition 4.6.2. The assumptions (BA,) imply

Ryl < 6oL
1Bl < S0(x°) V20
1B, ¢l 5 S0(y") 207,

And hence
€] < 1.

Proof. The estimates on |%’50¢| and |%’111¢| are trivial using the assumptions, together
with the fact that 0 > 7 by definition. The estimate on [%¢| follows from the bootstrap
assumption and the estimate (4.6.6) in Lemma 4.6.1. Finally, as ¥ < 1/2 by assumption,
we see that the three %’&’0, %’11’1, and )¢ all have global uniform bounds, therefore we

must also have global uniform bounds on the arbitrary smooth functions &. O

Proposition 4.6.3 (Geometric consequences). The assumptions (BA,) implies, when ¢ is

sufficiently small, that
1. The Jacobian determinant % <lg|<2.
2. The hyperboloids X, are space-like relative to g; in fact g~1(dt,dt) = =1 + O(6¢T~>/?).

3. The volume forms dvol,, and dvoly, are uniformly comparable.
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4. The quantity ¢t from (A.3.3) is comparable to ©%/(y°)?.

Proof. The first claim follows from the fact that
gl=1+8"(dg,dp) = 1+Z(B" ¢)”

For the second claim it suffices to prove bounds on g_l(d’[,d’[). From (4.2.14) we have

that
¢ 1 (dr,dr) =m~(dr,dr)+2¢Y" (9, 1)% - i(g"—l(dz,d(p))z.
- = Ig|
=1
By definition
u
aﬂ’l’ = ;

and since Y” has compact support in u the middle term < 6yt ~3. For the final term we

have schematically

¢ 1(dr,dp)=m ' (d7,dp) + pY "9, T, ¢

T v pul
=—=T¢+ L'op+¢dY" ——(L P+ To)

and so we see [¢71(dt,d¢)| < 5977 (v°)~3/2. This implies that the final term decays at least
as fast as (50)2’(27/(3)0)_3 and hence for sufficiently small 69 we have the desired bounds.

For the third claim we first examine (4.3.4), as the induced volume form on X is
given by the interior product of the space-time volume form with the unit normal. By
the explicit form of ¢ and the pointwise bounds of Proposition 4.6.3, it suffices that
(dT)ﬁ — (d’l’)gﬁ/\/m is bounded when measured by m. Due to the above bound

on g(dr,dr), it suffices to control
(@0)* - (@) = 22779, - §7' (dp, AT,

In terms of the coordinate basis ayy, the coefficients of the right hand side can be worked
out to be bounded by

SoT 2+ (80)? T2 (02

172



This implies the desired conclusion.

The fourth and final claim follows immediately from the definition of (A.3.3). O]

For conducting the estimates, we will frequently need to swap between the quantities

Eclp;m]?, E-[w;¢)?, and

J e LI TP dvole

Xt
These three quantities turns out to be comparable if we assume (BA,) holds with 9

sufficiently small.

Proposition 4.6.4 (Energy comparison). Assuming (BAy,) holds with ¢, the three energy-

type quantities above are compatible.

Proof. By Proposition 4.6.3, it suffices to compare the terms
Qyigl(T, (-dv)¥), Qs m(T, (~dr)™).
We note first that their difference is given by
Tyl(de)% - (o - ST(0)(g - m) (4, dp).
We can expand this to be schematically
T OREFIL g+ TY)+ G§ ! (A, dp)§ " (A9, dv)|
+ ”—TO [p AT Y+ Ty)> + (& (dg, dp))? .

Hence we can bound the expression by, using (BA,) and Proposition 4.6.3,

<—%|T¢<L VTl )3/2|T¢ L(dp,dy)|
0

0
S RI(L P+ T+ (§ (g dp) (46.8)
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The first term in (4.6.8) can be bounded by

6() 1 2
S 2 eoship) Y1 o <>

————|L'yf?

and the third term by

% 1
T 72 cosh(p)

o 1
Llyf+ 2 T2
L7yl +T3cosh(p)| ¥l

<

Both are bounded obviously by a small multiple of Q[¢; m|(T, (—dr)mﬁ). We can evaluate

2
(g, dy) = o ToTY+ BTy + B YT
+ B OB Y+ GRIH (L P+ TPH)(L Y+ T).
This implies
1§71 (dp, dy)l < 00T gloy,

( )3/2| i+ (v )3/2 |
Thus the second term in (4.6.8) can be bounded by

(0)? ( 2,1 i 2)
T3—27/Cosh(p) COSh( )l 1’b| Cosh(p) Z'L llbl !

and the fourth term by

(60)° 2, 2)
13_27cosh(p)(cosh( )l l,bl ZlL lpl

Both terms are similarly controlled by a small multiple of Q[¢;m](T, (—dT)mﬁ). This im-

plies our proposition. O]

In Section 4.7 below where we treat the inhomogeneous terms, we frequently need to
estimate weighted L? integrals along ¥,. We can compare such integrals to the energies

by the following Corollary, which follows after noting y° = t cosh(p).
Corollary 4.6.5. We have the following bounds for L? integrals of derivatives of ¢:
I°0) 2B Pl 25, < Bk (0)
100 2B Ll 25 < i)
o) ™22 2B ol 2y < Ex(D),

I 2 2B L Bl 5 ) S P ().
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4.6.4 Improved L™ bounds from (BAj)

As a consequence of the energy comparison Proposition 4.6.4, we can apply Proposition

4.3.14 with d = 3 to (BA,) and derive the following L* estimates of ¢ and its derivatives.

o
1
|¢| +|L ¢| < W,
ot?
(yO)l/z’
otV
(yO)l/ZT’
6T1+7
(yO)l/z’
ot?
(yo)l/z’
6T1+7
(yO)l/Z'

1By |+ 1B L ¢l <

T +|TL P <
(4.6.9)
1B ¢l <
1B Pl <

3,1
|B," 9l <

With the aid of (A.3.2), we can also estimate

ITT¢| < o177,
(4.6.10)

\B, " TT¢| < 77

Here we also made use of Lemma 4.6.1 freely.

Remark 4.6.6. Note that we have estimated (4.6.10) by directly estimating the right hand
side of (A.3.2) using (4.6.9). In particular these were not derived from applying Propo-
sition 4.3.14 to appropriate energy integrals: in fact we have not yet proven any L? esti-
mates for TT¢ and its higher derivatives. It turns out the necessary L? estimates require

a little bit of work, and we defer their proofs to Lemma 4.7.1.

Remark 4.6.7. Notice that (4.6.9) and (4.6.9) controls up to two derivatives of ¢ in all
directions, and in particular controls the first derivative of the dynamical metric g. Thus
we can apply the blow-up criterion for quasilinear wave equations and assert that the a
priori estimates guaranteed by our bootstrap argument suffices to prove global existence

of the solution.
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Remark 4.6.8. In the bootstrap argument we will be studying energies to the top order
E4 and F3, which corresponds to 3 additional derivatives applied to the equations (4.5.12)
and (4.5.11) respectively. Examining the terms that show up in the nonlinearities, which
depend only on up-to-two derivatives of ¢, this means that when performing energy
estimates the highest derivative that we will put into L* would be three; and as we will
only be commuting with %’3 0 derivatives, there will be no TTT¢ terms to worry about.

Hence between (4.6.9) and (4.6.10) all possible L* terms are captured.

4.6.5 Controlling the deformation tensor term

Now let us return to studying the first integrand in (4.6.1) as promised. First, using
Proposition 4.6.3, the space-time integral with regards to dvol, can be replaced by the
integral with regards to dvol; to which we can apply the co-area formula and decompose
as dvol,, . d7. The same proposition also implies we can replace the hypersurface volume
element and have the integral conducted with respect to dvoly, dr.

For the integration along ¥, we will put 1, which is automatically fop order, in the
appropriate weighted L? space; by Proposition 4.6.4 these L? integrals can be bounded

by the quasilinear energies. We therefore obtain the following bound

[ 1e1ig1:g £rgl avol <ﬂ|c05h RGP+ TPy, Ecl038
t€[Tg,11]
; Hcosh(p)?[(%’ll’l¢)(%’22’2¢) (B )R +%T¢)]”LOO(ZT)ST[¢;g]2 dr. (4.6.11)

The terms in L* can be estimated with the help of (4.6.9) and (4.6.10). First we have

1 S otV
|cosh(%¢ ¢| ( T)

<612

= )

72

we used here that —L— ~ 77! by Lemma 4.6.1. Next we have
cosh(p)

0§77 st7

’C\/—T’L’

|cosh(p ?%’1 1cl)%’zzcl)|< < 6212772
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after observing Lemma 4.6.1 again. Finally the last term

05272y ot? _
|cosh(p)T(BL )X (1 + RT ) < 25— (1+ )< 620273,
T yUt /yOT

Hence, with our assumption that y < 1/4 we have that

71
‘H 1Q[;g]:¢ L1gl dvolg < JéT_3/2€T[l,D;g]2 dr. (4.6.12)
t€[7q,71] 70

Note the integrable power in 7: the deformation tensor term does not cause any difficulty

in the analysis.

4.7 Controlling the inhomogeneity

In this section we focus our attention on estimating the second term in the energy

estimate (4.6.1), given by the integral

ﬂ |ogtp - Tp|dvol,.

el70,11]
By virtue of the geometric comparison Proposition 4.6.3 and the energy comparison

Proposition 4.6.4, we can bound this by

J T bl 1w e

We will take i here one of {c;b,Ll(j), Lopt o, Li(j), L“Li(j)}, where a is some multi-index with
length no more than 3, and i € {2, 3}.

To streamline our control for the higher derivative terms, we observe the following

e e e IEE

Here, (expr) means some polynomial expressions in &, %, #., and %B. /1 ¢. We emphasize

principle:

that (SP) is a principle meta to our proof, where we will bound each term in the poly-

nomial expression either in some weighted L? space on X or in L%, using the bootstrap

177



assumptions (BAj) and their consequences (4.6.9) and (4.6.10). The symbol “<” in (SP)
should be understood to mean “can be proven as the result of our bootstrap argument to
be bounded by”, and not a factual assertion of a possibly better bound.

Understood this way, (SP) follows simply from the facts that:

e For %’:1(1) terms, in (BAj), each higher derivative brings at most an additional loss

of 7.
* The terms % are invariant under action by L-derivatives.

* As discussed after Notation 4.5.2, %’5’0%1 = P,+1, which allows it to grow with an

1/2

additional factor of u /<. By Lemma 4.6.1 this can be bounded by .

* Finally, observe that
By =% By (0 T)+ By o+ B ¢

by the chain rule. The first and third terms are in fact decaying by (4.6.9), and the
middle term is bounded by 611/2“/, which, since y < 1/4, is less than a full order of

T increase in growth.

Occasionally %’:2(1) terms also occur: these are the terms with two T derivatives.
Their L™ estimates are already captured in (4.6.10) and they can be seen to also obey
the schematic principle (SP) where higher derivatives lose factors of .

We complement the estimates with the following L? version:

Lemma 4.; .1. F07 0 < k < 3, we have
5/2 0\-3/2 k,()T max k_| 0 )r

Sketch of proof. The proof of this estimate itself is an application of the principle (SP) and
the bootstrap assumptions. Observe first that by (A.3.2) that TT¢ can be expanded as

1/ctT times a polynomial expression in &, %, ., and %’:1¢ to which (SP) can apply.
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For convenience call this polynomial expression O. From Corollary 4.6.5 combined with

(4.6.9) we have that
lry") 2B ¢l 2 < Eq
1720728 pll,2 < Eg
[CRr Y ARl
0O\ R (B, §)°) < 63037
v°)( B §)?| < 620772
0°)(1+ A )W (B §)?| s 83074,

Additionally, we pay attention to the quadratic term

I(ry®) 2RI (L § + Th) Ml 2 S IRL § + Th)lleo kg < 527"

Together with the estimate c77 ~ 72/(y")? implies the Lemma when k = 0. Specifically,
we have that

I(zp®)20ll, 2 < Eq +Egor .

Similar arguments show that
I(ey®) /> By Ol 2 < B2+ 0F1.

For this we crucially need Remark A.3.1 which shows that there is no growth arising from
first derivatives of & terms in (A.3.2). (Note that this step requires explicit argument and
not an appeal to the principle (SP).) For higher derivatives we can appeal to (SP).

For higher k, one also needs to estimate derivatives of c77. We observe the following

schematic computation

1
By crr = W1+ B (B 9+ (B9

- S BLOPT+ (B B)L G+ T)]
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The inner term, operated on by %’OSk’O can be bounded by
2220y or73(1 4+ 620774

through (4.6.9). By the schematic principle we have that for k < 2, %’g’ofTT is bounded
by 72%5. And this shows the Lemma up to k < 2.

For k = 3, we need to consider the case where all derivatives hits on ¢, since all
other terms follow from the principle (SP). In this case we need to essentially estimate

something that is schematically the same as

|26 2119 (Bl o3 B )+
B OB )+ 2R G+ B 9B 9|

Here we group 7!/2(y%)~1/2 with the %’14’1(]5 terms, and 771/2(y%)~1/2 with %’61’04), to

bound in L? by E3. The remaining parts to be controlled in L* boils down to
PO TTOIB b+ By )+ TR OR(L b+ By )]
which can be bounded by
5201+ (p0) 1 [~ (p0) V2 4 5775] < 5212V 32
and so we see contributes to a lower order term, and the Lemma holds also for k =3. [

This previous Lemma implies we can also extend (SP) to handle also %’:2(1) terms in

the expression.

Remark 4.7.2. Note that (SP) gives the worst case scenario bound on the higher derivatives
of an expression. As one already sees in the proof of the Lemma above, sometimes this
worst case bound is not realized. For example, first derivatives of & do no lose a whole
factor of T even in the worst case, and as seen in the proof of the Lemma above, sometimes
derivatives of & do not lose decay at all. Similarly, going from ¢ to \%‘504) in L* only

entails a 77 loss.

180



However, overall, the schematic principle (SP) cannot be generally improved. This
is due to the possible presence of the & terms. Each time a %’5’0 derivative hits & we
necessarily incur a penalty of one factor of t. This entirely agrees with our semilinear
analysis in Section 4.4 where the highest growth rates always accompanies the terms

when ¢ is largest (where most derivatives hit on Y”).

4.7.1 Higher order nonlinear terms

Proposition 4.7.3. The following bounds hold:

Ip°) 2 2HOu 25, £ 67077 (4.7.1)

lp") 2 2HO, 25 ) 5 8777772, (4.7.2)

)

Proof. We focus first on ?(%’11’1¢)(%’11’1L1¢)(%’12’2¢), the sole cubic term in HO;. Out-
side the TT ¢ term this can be bounded by

)2 22 (B o) (B L )BT Pl 5

<lItHB 9N B L )l (1) < 83077

0
For the TT ¢ term we need to add a factor of (i—z): this is because by Proposition 4.6.3 we
have
0)2
g2l @)L o
lerr %y bls = }ﬁg”l .
This gives the bound by

173 0)( B OB L p)lpeod < 5372V

where we again used Lemma 4.6.1. (The differing decay rates of the two terms stems from
the fact that %’50(1) has additional decay along ¥, compared to T ¢, but this decay is not
seen when taking L* on X;.)

The quartic and higher order terms can be treated similarly, the details of which we

omit here, the general idea being to put the highest order derivative terms in L? and lower
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ones in L*. This shows that the quartic and higher order terms in HO; can be bounded by
< 641374 uniformly. (We remark here that as all the remaining terms are multiplied by
a P, weight, for their estimates we can consider (y°) ~ 72. This means that the anisotropy
between %‘221¢ terms and T T ¢ terms that showed up in the cubic term estimates can be
avoided.)

For HO;, the additional cubic term now is a generic %’12 1 ¢ instead of %’11 At ¢, which

means it decays slower by a factor of 7. The additional quartic terms can all be bounded

by < 5%127=3 and our claims follow. O

Remark 4.7.4. To estimate %’flcj) terms using either the energy (and then by the boot-
strap (BA,)) or using a straight-up L* estimate using the peeling estimates in Proposition
4.3.14, we would need any factors of T derivative to be the outermost one. Luckily, com-
mutation reduces the order of derivatives and leaves the weight unchanged (see Propo-
sition 4.3.12), which has the advantage of guaranteeing that the commutator terms have

faster decay (by t~1).

Remark 4.7.5. The quartic term bounds for HO; can be improved from 6*737~% to
6414773, thereby upgrading the overall bound on HO; to 637%7~%. This improvement
comes from noting that the term ?%(%&’Ocﬁ)(%’f’l c[))z(%zz’z({)) in the definition of HO;
is actually

GR(L ) B )2 (B> ).

As for our purposes these types of improvements are not essential, and does not effect the
closing of the bootstrap, we shall not pursue this and myriad other improvements in the
higher order terms.

One should however note that for studying the missing case d = 2, the above indicates
that careful treatment of all quadratic, cubic, and quartic nonlinearities will be likely

necessary.
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4.7.2 Quadratic terms

Now we consider the quadratic nonlinearities. These terms are a bit more delicate and

we will include more details of the arguments.

4,7.2.1 Zeroth order case

Looking at (4.5.13), we need to estimate

") 2 2R o+ T 25,

We observe that
2

32 — _ 0
1" 2 2R Pl ) S IO AL BllreoEo(r) 5 .
Here we used that by (4.6.9), our bootstrap assumptions imply |L'¢| < 6(y°)1/2. Addi-

tionally recall that yo ~ 12 in the presence of Z.. Next, we have

_ _ 1 - 52t
") 22T P) 25 ) S NGO T T TliLoo(n) S —5—

We note here for this term the 7, term in the nonlinearity is crucial: without it the de-

nominator would only have 7! which would not have enabled us to close our estimates.

4.7.2.2 First order, i = qu)

Let us now consider QN (see (A.3.6)). The terms with (L'¢ + T¢)? and (L1 ¢ + T¢) are
controlled exactly as the zeroth order term case, by 52173, For the remaining terms, we

see first that

_ _ _ 52tV
)2 PRATHL L+ TL ) 25y S 1) Tllzeo Fo(v) s —¢—
T

Similarly
32 - 52
") 2 2+ LN L G+ TGN ) < -

The final term involves T T ¢, for which we can bound

2
16220 2Ry + L Tl 2y, < I3+ L @lloor () € 2.
T
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4.7.2.3 First order, ¢ = Li(i)

We next consider QN; (see (A.3.9)). There is a loss compared to the QN; terms, which we

expect. First,

1) 2 2Ry p+ L b+ TH)B L+ B+ B Pl o s
2
<IE (g + L1+ Tl - [Fo(0)+ Ea(0)] € 5

Next

)2 VARL g+ AGNL' L' G+ TL G+ TTh+ Ll p+ T2 5,
2
< IO ST 9+ AP lieo - [Fo(r)+ B (0)] < 55

Finally,

)22 AP+ L+ TONL b+ T2 5,

2
SIEO) AP +L P+ Th)lreo - Eolr) < %

4.7.2.4 Higher order cases

By Remark 4.5.7, the higher order derivatives L*L¢ where i = 2,3 can be treated using
(SP). It suffices to consider the higher derivatives of L'¢. Observe that the principle
(SP) can also be applied to the commutator terms: that control of %’(}’0[%’5'0, Og ]y also
gives control of [%’1’0,Dg]%’3’01p, since the terms of the latter is schematically a subset
of those terms that appears in the former. Hence it suffices to consider the estimates for
1,0
(B, 0g]L' ¢.
We treat each of the six quadratic terms in [%’1’0,Dg]L1¢ listed in the schematic de-

composition (4.5.14) below. First, we can estimate

e 24

IO 2 2Ry B UL Y+ Tl 25y S IFD(B Plliee - Fo(r)
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Next, we have

2
602 2R+ L+ TONBL P25, <0 Tl + L1+ Tl -Fo(0) < .

The third term we estimate by

16022 (B OB o+ TT 2,

2,2y
I R Bllieo - [R(0)+ Eale)) s °5

Next we have

16022 By L ¢ + By TONL P+ Tl 2y

_ 62T7
Slp") ™ A By L+ By Tl Fa(r) s —5—
The fifth term we estimate by
)2 2 A @+ Lo+ TOUL Y + TPl 25,
_ 52
SIGY A+ Lig+ TPl Fi(r) < .
And the final term is estimated by
Iy P AGL L Y+ TL Y+ TTY) 25,
_ 6217’
SN APleo - [Fi(r) + Ea()] =

4.8 Closing the bootstrap

We conclude our proof of Theorem 4.5.8 by putting together the estimates in the pre-
vious sections using (4.6.1). By our control of the deformation tensor (4.6.12), we have

that

1

0 _
Ery [938]° —Exglh3g] < jmmw;gﬁ Y2 2ol 2 5 Eclipigl du.
70
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Now let 0 € (2,T).
From our bootstrap assumptions (BA,) and the computations of Section 4.7.2.1, we

get

£ 2% < —+—dT<63. 4.8.1
o) f 7 (481

From Section 4.7.2.2, we get

F 2<J— —d <83, 4.8.2
0(0) St 3drs (4.8.2)

From Section 4.7.2.3, we get

Fq(0)—Eq(2)? < o ﬁd <83 4.8.3

2

By applying the principle (SP) and factoring in Remark 4.5.7 this implies for k > 2,

Ex(0)? —Ex(2) <

o
J §372y+2(k=2)  §3,y+k-2
73/2 72
2

s 6362y+2(k—2)—1/2 +53G)/+2(k—2) < 63027+2(k_2>. (4:84:)
Finally, from Section 4.7.2.4 and principle (SP) we get
C o3 8 oy

Fio)>—F(2)? < ek dr < 6°. 4.8.5
1(0)"=F1(2) =) 2 dr (4.8.5)
2

Further applications of the principle (SP) gives us the higher order estimates for k > 2

Fe(0)? - F(2)% < k1l dr

o
53,.[27/-1-2(]{—2) . 53T)/+k—2 . ,L,k—l . 63T27/+k—2
73/2 72 72
2

< 53527 2k=2)-1/2 | 535y +2(k=2) | 5352y +2(k=2) < §3527+2(k=2)  (48.6)

With these estimates, the bootstrap closes provided 9, € are taken sufficiently small.

We close our discussion with a couple of remarks.
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Remark 4.8.1. One interesting aspect of our argument is that the semilinear nonlinear-
ities seem to allow closing the bootstrap using only a log(7) loss instead of t7. This is
seemingly in contradiction to the discussion in Section 4.4, where 77 losses seems to be
necessary when the dimension d = 3,4. The explanation for this is that in our semilin-
ear analyses we did not separate out the privileged direction L ¢ as having better decay
properties. Had we also isolated the direction L' ¢ and run the argument with separate
energies for generic derivatives and derivatives with at least one L! vector field, we would
find also that it is possible to close the argument with merely a log(7) loss at energy level
d—1, with a further 7 loss with each additional derivative, analogously to the cases where
d>5.

As discussed at the start of Section 4.5, one would see additional losses for the full
quasilinear problem were one not to separate out the better direction L!. This is reflected
in the fact that the part where we required the t7 loss in place of a mere log-loss occurs in
Section 4.7.2.4, where we considered the effects of the commutator term [X, l:lg]l,b; note of

course that the commutator term vanishes for our semilinear model problem.

Remark 4.8.2. One may ask whether the higher energy growth is associated to the blow-
up at infinity described by Alinhac [Ali03], and which seems generic for wave equations
with weak-null quasilinearities [Lin08, LR05, DP18]. This seems not to be the case for
several reasons. First among the reasons is that we observe the same higher energy growth
even for the semilinear model considered in Section 4.4. Additionally, our energy growth
is not very severe; when translated back to L* estimates of the coordinate derivatives,
we still observe decay (though at a reduced rate compared to what is available for the
linear wave equation). Finally, examining the leading order correction of the quasilinear
metric is given with the coefficients ¢Y”du ® du. The localization by the Y term means
that the slowly decaying coefficients are supported away from future time-like infinity.
This appears in contrast to the known manifestations of blow-up at infinity where the

null structure of the dynamical metric is significantly different from the Minkowskian
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one near future time-like infinity.
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APPENDIX
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A.1 Tools from analysis

The following are the standard Sobolev inequalities on R that we use freely through-

out this work.

Theorem A.1.1 (Sobolev inequalities). For u € C®(R?), for any 1 < p < d, there exists a

constant C depending only on p and d such that

el a/ta—p) ) < IVl p e (A.1.1)

For u € C2(R?), for k € N and d < kp, there exists a constant depending only on p, k and d

such that

lll o gy < C ) 19%ull p e (A.1.2)

la|<k

Remark A.1.2. In the special case that p =1, (A.1.2) holds at the end point k =d.

The following is an abstract formulation of the bootstrap principle, adapted from

[Tao06, Proposition 1.21].

Proposition A.1.3 (Abstract bootstrap principle). Let I C R be a time interval and for each

t €I let C(t) be a boolean valued function. Suppose one can verify the following statements:
1. (Conclusion holds somewhere). There exists a tq € I such that C(tg) is true.

2. (Conclusion is continuous) If {t,,};7 C I is a sequence converging to to, and C(t;) is

true for all n, then C(ty,) is true.

3. (Conclusion implies better than inclusion.) If C(ty) = 1 for some to € I, then there

exists some € > 0 such that (tg—e€,ty +¢€) C I and C(t) is true on (tg—€,ty + €).
Then C(t) is true on all of I.

Proof. The proposition is an immediate consequence of the continuity principle: Let X
be a connected topological space with a non-empty, open, and closed subspace Y C X. Then

Y =X. ]
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A.2 Hyperboloidal polar coordinates and related estimates

In this appendix we prove several estimates found in Chapter 2 for which a proof
was not provided. The proofs provided are adapted from [Won17b] and are not original
material. The proofs are technically involved, and since they do not contribute to the
points made in Chapter 2, but for the sake of completeness, we decided to provide them

here.

A.2.1 Geometric setup

We will be doing our computations on a hyperbolic coordinate system. Identify $9-!

canonically as a submanifold of R? with coordinates 6. Then let
(1,p,0) e Ry xRy x gd-1
be the coordinates defined by

t = tcosh(p); (A.2.1)

x = tsinh(p)0. (A.2.2)
In this coordinate system the Minkowski metric takes the form
m =—dr? + Tzdpz + 72 sinhz(p)dez,

where d6? is the Euclidean metric on $9~1. The induced Riemannian metric and its

inverse on X, are

he = 12(dp? +sinh?(p)d6?); (A.2.3)

1 1
h ‘1:—(8 ®d,+ ———dgRdp|. A.2.4
(he) 2\ o sinhz(p) 0 0 ( )

Here dg ® dg is the Euclidean inverse metric on $%71. We claim that

d 2
. t
E LI'®L' = 8p®8p+—289®89. (A.2.5)
r
i=1
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We compute with the chain rule

ata ox

ap ap t+ap

- Ox
= tsinh(p)d; + Tcosh(p)6 - dy. (A.2.6)
Then
dp®dp = 72 sinhz(p)é?t ® d; + Tcosh(p)(d; ® Tsinh(p)6 - dy + Tsinh(p)O - d ® Jy)

+ 12 cosh?(p)0 -0, ®6 - 9y

= x°0;®0; + H(I; ®x- Dy +x- 0 ® ;) + 120 -9, RO - 9.
Since x =r0 and x-d, = rd,,

0p®0dp =120, ®0; +1r(0;® 0, + 0, ® ;) + 170, ® ;.

We compute from 0 = =

do = ldx— ixdr;
r2
2
do®do = —dx®dx— —3(dx®dr+dr®dx)+ udr®dr
T

= r—zdx®dx— r—2d7’®d1’,

do®dg =120, ® 0, — 129, ®0,.

Then we finally compute
ZU ®L = thai ®0; +1x(9;®; +9; ®9;) + (x')29; ® Iy
i=1 i=1
=120, ® 0y +11(d, ®; + 94 ® ;) + 120, ® 9;

=120, ®dy —120,® 0, +11(d; ® I + 9; ® 9,) + 12 0; ® 0y + 12 9,0,

t2
= r—289®89+8p®8p.

This finally concludes the proof of (A.2.5). Of course, this also implies

2
ZU@U— p®dy+ &2@89@)89. (A.2.7)
sinh“(p)
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On the other hand we have

ZQij ®Qjj = Z(xiaxj —xfaxi)@)(xiax]- —xjaxi)

i<j i<j

= Z(xi)zaxj ® 8x]~ + (xj)Zaxi ®9xi —xixj(ax]' ®9xi + axi ®9xj)

i<j

=r?) 0,i®0,i-r’0,®0,
i
=dg®dp
These computations help us conclude

1
—99®(99+99®89

27 -1
T °h + Q;:0,=0,8d, +
( ) Z i] ] p p sinhz(p)

i<j

(A.2.8)

(A.2.9)

Note that 72k, is the standard metric on hyperbolic space H?. Let V be the Levi-Civita

connection on X, relative to the metric h;. Contracting (A.2.9) with df = Vf shows

d
(VEVf) oy, <) LR
i=1

A.2.2 Proof of global Sobolev pointwise estimate

(A.2.10)

In this subsection we prove Theorem 2.1.1. The Sobolev inequality on the unit disk im-

plies the following version in a bounded region of hyperbolic space.

Proposition A.2.1. Let f : H? — R be a function on hyperbolic space, which we represent in
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polar coordinates (p,0) € Ry x S4-1 Then

2

su1;>|f(p,9)|2$ Z fflkalisinhd_l(p)dedp. (A.2.11)

p<3 k<|4]+1 0 gd-1

Remark A.2.2. In estimate (A.2.11), h corresponds to 772h, on the 7-slices. For conve-
nience we denote dvolj, as the volume form induced by h; (see (A.2.3)) and dVOlr—lhT as

the volume form induced by the rescaled metric 7~2h.

Corollary A.2.3. Let £ € R and f be a function on ¥, C RV, Then
sup|f (t,p,0)]> cosh™ @1 (p) < r7 Z Jcoshg (P)ILfI* dvoly,, .
5
=3 <€ 1+1 2y

Proof. Applying (A.2.11) and then (A.2.10) we find

su}s) If(z,0,0) < Z J |V’<f|i_2hT dvol 2,
< Z Z j LY f? dvolT_th.

Here we have implicitly used that when p < 2, the quantities in the lower-order terms
|VLi L |r—2hT have universal bounds, and the L' are close to orthogonal. Finally, we note
that cosh(p) is universally bounded from above and below on p < 2 so that we may insert
it to our estimates by paying the price of universal constants.

We finally note that

dvoly, =+/deth; dp Ad6

= \/Tzd sinh??=2(p) dp A d6

= 7%sinh?"! dp A dO

=74 dvol 2 . (A.2.12)
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From this we conclude

sulg |f(T,p,6)|2cosh€+d_l(p) < Z f coshe(p)lL"‘fl2 dvolT_th
<3 lal<[4 J+1 Zen{p<2)

<t Z J <:osh€(p)|L0‘f|2 dvoly,
<[4 1+1 Zenfp<2)

<t Z Jcoshg(p)lL‘I fI? dvoly,,
jal<[ 4 1+1 5

as desired. ]

On p > 1 we can use a different localized Sobolev estimate. The Sobolev inequality on

the half-infinite cylinder states that

sup|f(p,0)|* < Z leaafldedp. (A.2.13)
P>% |a|sL%J+11 gd—1

Proposition A.2.4. Let { € R and f be a function on ¥, C RV, Then

sup|f (T, p,0)]> cosh™ 41 (p) g v77 Z fcosh"(p)u“ﬂ2 dvoly, .
>3 lal<| 4 +1 5

l d-1
Proof. We apply (A.2.13) to the function fcosh2(p)sinh 2 (p). Also note that, since
p > 1, the hyperbolic functions cosh(p), sinh(p) are uniformly comparable to e’. Con-
sequently, the terms that arise from the product rule can be bounded as

14 d-1
[0 (f coshf(p)sinh_(p))l2 < Z |8ﬁ1f8’32(cosh
1B11+1B21+1B3]=lal
< ) 10Pf1? cosh(p)sinh®~ (p).
BI<|al

5(p))9P3(sinh 7" (0)))2
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Equation (A.2.6) shows that d, can be written as a linear combination of Li:

Jp=x-00;+10-0,

X X
=—-xdy+—-td
C X0+~ 10y

d
X Z i
=—.) L.
¢ i=1
Contracting (A.2.8) with d6 implies

agzizgﬁwxyf

i<j

Then

0 k=i,j;

1>0Q;(6k) = ;

= k=ivk=j,
and

A

t t

show that dg can be bounded by a linear combination of %Li (recalling that t > r). This,
and since x/r have bounded derivatives along X to all orders away from p = 0, we con-

clude that

0PfPs ) ISR
lal<|Bl
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We finally conclude with (A.2.13, A.2.12)

sup|f (z,p, 0)” cosh™ "1 (p) < suplf (r, p, 0)| cosh’ (p)sinh™~* (p)
3 4
>3 p>3

< ) ff|8“f|2cosh€(p)sinhd_1(p)d9dp
<[4 1417 gd-1

dVOlT_th

< ) J- 10 fI? cosh (p) dvol, 2,

<[4 J+12n{p>1)

< Z J |L“f|2cosh€(p) dvolT_th
lal<L4 1+15cn{p>1)

< Z J|L“f|2cosh‘(p) dvol 2,
jal<[ 4 J+15,

<t Z J‘coshg(p)lLa‘ﬂ2 dvoly,,
<[4 J+1 3¢

as desired.

We are finally ready to prove Theorem 2.1.1.

Proof of Theorem 2.1.1. Combining Corollary A.2.3 and Proposition A.2.4, we conclude

Fe.p 0 s 7 cosh!Ap) Y [ cosh(plL P2 dvoll,
jal<[4 J+1 £¢
The result follows from the observation that w; = Tcosh(p) and that 7 is constant over

Y. O

Theorem 2.1.1 becomes useful when used in conjunction with Lemma 2.2.5 and Propo-
sition 2.2.2. In order to prove Lemma 2.2.5, we provide an intermediate result which is
equivalent to Hardy’s inequality adapted to the hyperbolas ¥;. This proof is adapted
from [Won17b].
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Lemma A.2.5. ([Wonl7b, Lemma 5.1]). Let d > 3. For any function u defined on X,

2
< —-— e1,2- 2.
lull 2, < 7=l (A.2.14)

Proof. First we claim that if f : [0,00) — R has compact support, though not necessarily

vanishing at zero, then

)2 sinh®*1( )

—eoshlo) dp. (A.2.15)

jf(p)zcosh(p)sinh“ Yp)dp<—= J-f
Through the compact support assumption we see
= Jap (f( smh“(p) dp o Jf )?sinh®~!(p) cosh(p) dp + 2ff p)sinh?(p) dp.

Then we estimate with Holder’s 1nequa11ty

Jf sinh® 1 (p)cosh(p) dp < 2 jf p)sinh®(p) dp

1 a-1
< ZJ'f(p)coshZ(p)sinh 2 ‘
0

1 1
2
2 a-1( 2sinh®*(p)
< [J.f cosh(p)sinh dp] [ff coshi(p) dp| .

We have thus proved (A.2.15). We now prove . We choose « =d —-2sothata—-1=4d-3

and a +1 =d — 1. Then we use the trivial inequality sinh(p) < cosh(p) and (A.2.15) to see

(o]
ror

1 2 _ 1 2. 1d-1
f cosh(p)qb dvolp, =1 I cosh(p)¢ sinh® ™" (p) dodp
r 0 gd-1

2 h2
cos (p)¢2sinhd_3(p) dodp

~d
< _ 7
=" ) ) Tcoship)

6 S -1
s [ sinh®*1(p)
) [\ VA POF
(d—-2)2 y df 1( p®) cosh(p) P
o

__ 4 1 2
T (d-2)? j Cosh(P)(ap P) dvolne
S

<
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The decomposition (A.2.7) concludes the proof.

O
We now prove Lemma 2.2.5.
Proof of Lemma 2.2.5. We begin with the proof of (2.2.12). The chain rule dictates
at dp a0
- — —-dp+ == dg.
9= Gt 5% 5y 9
From 6 = x/r we see at = 0. From 2 — |x|? = t2 we find
d
2tcosh(p) =2t = 28—:1,
SO ‘gf = cosh(p). Solving p = coth_l(%) we compute
Yo S0 TR _a_ ShE) g
Boog_ 12 _cosh“(p) sinh“(p) — cosh“(p)
|| smh2(p)
In total this shows
9y = cosh(p)d — v~ ' sinh(p)d),. (A.2.16)

Then we come to

Q(0y, dz) = cosh(p)Q(dy, dr) — T~ sinh(p)Q(dy, Iz ).

Since dr, d, are m-orthogonal, we immediately find Q(dy,d¢) = dppdr¢. It now suffices

to compute Q(d¢, dr), which we do by using (A.2.4):

Qdr, ) = (3:)* - 5m (2035 (dg,d) - 3m(3r, D M>$?

P L—

—_ 2 52 cinh2(n)
- 2(91¢) R szsinhz(p)

DodP + LM202.
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We finally expose the coercivity by completing the square

Qd,9y) = <21 <8T¢>2+C°2522 @y %'9 o
+ OO 122 sini(p) 3 e
:cosg(P)( T¢—T‘1:)r$((2;9p )2+(C°;2§p)—2iizrfi(f()p) (9p)?
B —
%h;z)(p) ¢|2 cosh( )M ¢

Finally, we recall (A.2.9, A.2.16) to write this as

d
_ 1 P2 1 2 cosh(p) 5 -
Q[¢1(dr, 0¢) = 77 cosh(p) ;:1(L ¢) +—2cosh(p)(at¢) — M= - (A.2.17)

Integrating over ¥, concludes the proof of (2.2.12).

The only non-trivial estimates in (2.2.13) are the ones concerning ||(j>|| 2 and ||(Pt|| k2
The estimate for ¢ follows from Hardy’s inequality proved in Lemma A.2.5. We stre;s
that the estimates for ¢; differ on both sides of the inequality (2.2.12) because on the left
hand side we have integrals of the form

1 a g2
j cosh(p)latL ¢|- dvol,,
Xt

where on the right hand side we have integrals of the form

a 2
Jcosh( )|L dip|“ dvol,.
X

To show that these two are comparable, we induct the commutation relation [L!,d;] =
—axi, the algebraic relation Hxi = %Ll — %-0d;, and the fact that x'/t ~ 1 in the interior light
cone to estimate

d
Leapls Y 1aiLbol+ Y memm.

IBI<la] IBl<lal-1i=1
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In the above inequality, L'LF¢ = o

controlled by
1 -
—|IL'LA
L)
because cosh(p) > 1. Putting these estimates together we find that

L« 2 a g2
Z Jcosh ILZ01¢I" dvole < Z Jcosh IL7 ¢l

|6¥|<L 1+1 X7 |6¥|<L I+ 2

+ Z{lLILO‘(M2 dvol,.

T Cosh

By (A.2.17), the right hand side is bounded by

Y &L

lal<[ 4 J+1

as desired

A.3 Various computations for the perturbed system (4.2.17)

A.3.1 Computations supporting Section 4.5.1

A.3.1.1 Verification of (4.5.1)

Og¥) = \/_ 9(VIglg" oy p)

= \/ﬁay(‘/@g”vavlp) - \/%ay(\/%goyvavqb -go(d¢,d1/)))

- ﬁg"(dlgl,dw)mmw 20,(Y "Dy )

Ig]

Vigl

=" (pu)?
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= Ll(p when |a| = 1. The terms in the second sum can be

(A.2.18)



A.3.1.2 Verification of (4.5.2)

We start with

o

luVav V24
EX(\/lg_layg \/@‘P ) = X(Y"(¢u)?).

Now, the left hand side can be written as

[X, Om]p +|OmX ¢ |+ 2[X, 9g](¢T”9g¢)

+20,(X(OY )9y ) + 204 (dY[X, Dy ) +| 20, (Y "Iy X P)

* fglzX (Ighg(dg, digh) - %glz:x@"l )(d¢s,dlg]) - fglé?(dmmgb
g Eld0d(Lx(E . a0))) | 1 (dh. g, ax9),

Throughout we have used the Leibniz rule for Lie differentiation with respect to tensor
contractions, as well as the fact that Lie derivatives commute with exterior differentiation.
The boxed terms, we notice, are identical to the principal terms in O ¢ if we set ¢ = X¢.

The formula (4.5.2) follows by rearranging the terms.

A.3.1.3 Control of TT ¢ terms

As the null structure that we require can all be recovered as discussed in Remark 4.5.3,
for the control of the TT ¢ terms in terms of other BX! terms we do not need to be too

precise with the weights. Starting from the equation

V2 1 ) )
Om® + 27" 9y (PpPu) - Zjgf e dlgh =1 (Pu)?
we first observe
T2 d 1 d .o L. , .
O =——g5TTo - 5T+ —55 ) L'L¢p-y' LTy TLIp,
(") y (¥")* =

2,1
:@2 ¢
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Additionally, the quadratic terms
2Y"9u(ppu) =Y ($u)” = AH(L ¢+ T$)*
+ QR g+ LT+ TL g+ TTo+ L p + Toh).
The cubic and higher order terms are captured schematically by
gdg, digh) = Tl (By ) + (By " §)” + pF(B, " )L b+ TG)TTh

+ (B )2+ o B $) 1B
V(B D)+ (B 0+ dT(B 9+ dATB D), (A3

where we took care to isolate the terms with TT ¢ from other second derivatives.

This means that we can re-write

TT=——(GH b+ RIAL G+ ToP + RSB, )’
+ORTB P+ (B )+ (1+ oA F1(B §)°) (A3.2)

where
2
crr a1 (B 07+ (B
+ %(%3%)%(1 +( BN G+ T)] (A3.3)

Remark A.3.1. Note that none of the & factors in (A.3.2) include any %’5()(1) dependence.

A.3.1.4 Verification of (4.5.11)
We note the following very rough estimate for the cubic terms
- 1,1 1,1
m” (dy1,dyo) = By 1By o

and hence

g(dp1,dipy) = B Y1.B ho(1+ 9R).
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We also have that

L1 ) dyr,dyr) = By o R B 1B . (A.3.4)

So all the higher-order, non-boxed terms in (4.5.2) can be captured by the sum

HOy = Z(B," ¢)(B," L' $)(B; 2 6) + & R (By " )( B 6) (B3> §)
+GR(B ) (B 0)+ CR(BL ) (B3 )+ CR( By 0)( By )
+ GO PA(B," )2 (B )+ GO WP (B ) (B §)
TGOV P (B ) (B )+ GW P ( By 9) B ). (A3.5)

Remark A.3.2. The term ?(%’}’1¢)(%’f’1L1¢)(%§’2¢) stands out in the expression of
HOj: it is both the only cubic term (all other terms are at least quartic in the unknowns)
and the only term that is not explicitly multiplied by a factor of Z4. In fact, this term
is the only nonlinearity that would remain when Y = 0, where the equations reduce to
the small-data scenario studied by Lindblad [Lin04], and the nonlinearity is of the double
null form m~1(d¢p,d(m™1 (d¢,d¢))).

We note that instead of writing %’12 ’1¢ we have chosen to write %’11 ’1L1¢. This is de-
liberate in order to allow us to exploit certain improvements of decay for the L' ¢ deriva-

tives.

We concentrate on the boxed, quadratic terms in (4.5.2) next. For these terms we need

the additional null structure as seen in (4.4.4), and we write, noting that [Ll,QE] = —92,
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the following schematic decompositions for the quadratic terms:

LYY (¢u)?) = RIL(L ¢+ TH)L' L' §+ TL ¢)+ RWA(L ¢+ T ),
Iu(PY " Pu) = RWH(L d+ Th)?
+ RodWa (L' + Th)+ Fo¢Wa(L' L'+ TL ¢+ TT¢h),
Iy (LN (DY )pu) = Ro(d + L' )WL § + Th)
+ R (p+ L) WAL L o+ TL p+ TT )
+ AW G+ T + RWAHL' ¢+ TH)(L'L ¢+ TL! ¢).

So we can summarize the quadratic nonlinearities schematically as

QNy =AW, |(L' ¢+ T)* + TH(L'L' ¢+ TL! )

+ (L p+Th)+(p+L ) LIL g+ TL G+ TT)|. (A.3.6)

A.3.1.5 Verification of (4.5.12)
In the case where X = L' for i # 1, we have that
o_ 1,0 ,1 ,1
£,(87N)(dyr,dyo) = By oA B v1 B ). (A.3.7)

One can check that the higher-order, non-boxed terms in (4.5.2) are now captured by

HO; = HO; + 9(%B," 0)( B §)( B §)
+GORA (B OV (B D)+ COW P (B §)2 + ER (B )L (A3.8)

The added terms are now the pure cubic term which now can include L derivatives in all

directions, and additional quartic terms which arises from X hitting Y which generates

a 94 instead of XR).
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The quadratic parts of the nonlinearity can also be expanded schematically. The com-

putations are as follows:

L (Y (§u)?) = AW G+ THNL' L'+ L'TH)+ AW ¢+ To)%,
;—Ouf SYITNOY bu) = RBY GTAL ¢+ To)+ ATrp(L ¢+ To)
+ROWI(By 'L+ B T9),
Iy (L' (@Y )py) = RWH(L o+ THNL L'+ TL' p) + AWH(L' ¢ + Toh)?
+ RWL QL L g+ TL g+ TTH+L p + Th)
+ AW>P(L L g+ TL G+ TTp+ L p + T o),
agczﬂr”}%(ﬂ ~y'T)p) = AW + TH) B b+ RV (L' B ¢+ TH," §).

Thus we can collect the quadratic nonlinearities using the schematic expression

QNi = AT (G +L' )+ To) By L' b+ By o+ By §)
+W5(RL G+ PO)L'L o+ TL G+ TTH+ L1+ T¢h)
+ AW (p+L p+TPH)L p+Th). (A.3.9)

A.3.2 Computations supporting 4.5.2

Observe that, expanding using the standard formula for the Laplace-Beltrami operator

and (4.2.14), we obtain

O = O+ 3 776” lshdy) +20,(97 2,
1

Vigl

- \/%g"—l(dcp,d(

g°—1<d¢,d¢>>>—ér”<¢g>2g°—1<d¢,d¢>.
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This implies

[X,0g] = 547 @(XIngl)dp) + 3 L™ (dInlgl, dy)

+|2[X, 0, J(Y "y ) |+| 20y (X(PY ") Dy p) |+ 20, (PY"[X, 9y )

+ 2l X g <d¢d\/L,—|°1 dg, ‘b)_JlTHEX( I)d 4>d<jg_|°1d¢d¢>
—\/%g” ¢>dﬁa° &1 (d,dy)) + ﬁg—ud@d(ﬁ'f/';l(d(p dp))
_L"ld d(—Lx(g™h) 1 —1d,di°—1dx .d

& (ﬂx( g -~ o <Mg (d(Xp), dp))
Xlllr”% )$71 (dep, dp) - || Y () Lx(§ )b, dp)
- ér”@z)zg“l(dow),dw).

Except for the three boxed terms, which are linear in both ¢ and @, all remaining terms
are at least quadratic in ¢.
The terms that are quadratic and above in ¢ are generally harmless. We will use the

following rough estimate for the quadratic form g~

_ 1,1 1,1 ,1
g (1, dy) = B 1B (14 9 R + DB §)2).
For X = Li, where i = 1,..., 3, the terms quadratic and above in ¢ can be schematically

captured by the following collection of terms:
(XZ)-[(B]" $)N B2 0)( B, ) + (B, )X (B )
+RB 9B )+ AT (B ) (B )]

+ GBI ONBY NPy ) + (B DNBy D)NB )

(B )BT 0N By )+ Fo (B V(B 6B )

+ (B 0B )+ ATDB 6B )BT )

+ AV(By 0B, 0)(B )+ PGB 0)X(B $)] (A3.10)

where since X = L' we have that

XG =G (By 0P+ 0P + By '+ By p). (A.3.11)
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We note, as before, all terms involving 2 weights are at least cubic in ¢.
The terms that are linear in ¢ in the commutator can also be expanded. For higher
level commutations we do not need to separate between L! and L’ for i # 1. So we can

just write [X, dy] = %’11’1, which allows us to capture the relevant terms by

(X, 0 (Y " pu) = R B OTA (LY + Typ) + AW5p(L + Th)
+ PO B (L' 9+ Ty),
Du(X (Y Vi) = (AP + RBy ") W(L'p + T+ L' L'+ TL p + TTyp)
+ RB OTN L Y+ T) + AW By (L' g+ TH)(L i+ Tp)
+ AW G+ TN Y+ TY)+ ADod(L ¢ + T),
Du(¢Y[X, 9y 190 = RIAL ¢+ T§) B p+ AW (L' B p+ TR ).

Using the commutation relations of Proposition 4.3.12 we can summarize these terms by

R (B QL+ T)+ RF(p+ L+ TP) B, ¢)
+ RV By D)NB L+ B TY)+ AW (By "L o+ By TN+ Ty)
+ AW (P +L p+TH)L Y+ T)+ AWp(L L+ TL p + TTy) (A.3.12)

which have similar structure to the terms appearing in QN; and QN; above.
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